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wnote:
wmay e asked fov tp or po-i
10 test for a tuvwing point -

\jn < O = W‘QY ot I‘Io
\d 20 = wwn
whewn \4“ =0

e eitheyr oblique ov Wovizowntal
L wosy common

2

y=axt+bx®-x’ +| SUDSHITUTiON or
has an inflection point @ (1, -4) e\ oW
determivie @ + b 60 +3p = | B3ty = -4
elimination b= '% -
' = 4ax3+3lx*-2x “30-3b= 12 25
Y" = ax*+6bx -2 3a =13 = A
y" ;0 @ x=1 o =B/
i€ 0=120 +bb -2 swbstitution
y=-9 when x| a=-4-b
i€ -4 = avb 3 A Sub into (ha+2b=1)
- ath= -9 b(-4-b) +3p =1
-24-6bx+3b = |
-15=30

b= "3
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Ax
dty 0 @ Pot (points of inflection)
dn*
- & cuvve is always concave dowv if OT'E' <0

als0 & cuvye is always covcave up if %??t >0

- 4 = _d_ty = . [
f =0 and S =0 4mew a possivle worizowial pol way exist
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2. A piece of wire, 500 cm long, is used to make the 9 edges
of the frame of a regular wedge. The height and length of
the wedge are S5x and 12x respectively. L is the length of
the hypotenuse of the cross-section.

(a) Find L in terms of x.
(b) Find the width of the wedge, w, in terms of x.
(c) Find 7, the volume of the wedge, in terms of x.

(d) Use a calculus technique to find the exact
dimensions of the frame that will maximise
the volume of the wedge. Give this volume.

a) L= J(IZac)2 +6xy ¢) volume =?

12x

= 13% V=20 % 5 (500-60x)
= 10x(50-6x)
©) all edges =500cm = 1002*(50-bx)
500 =3w + 2(12%) +2(5%) + 2L take 2 out
500 = 3w + bOX 13x =200 (25x™-3x)
3W =500~ 60x

w = 3(560-60%)

d) maximise voluwme .
v=200x (25%%-3x°)

O diffeventiare 9
aYe=200 (50x -ax’)

€ wake = 0 .
0= 200 (5x -x?) continue working
0 =(sx-q7*) answer

e x(s50-9%) =0
veal \ife, x=0 makes no sey s

x - 50
WP meoms
® secand derivative / foroll!
AV 500 (50-18x) <0 Y x
dx for ail x positive

valves

(negative wakes

he gewnige in thif
context)



example 2:

—5s—>

a closed cylinder is +o wWave & volume of 102410 cwm®. find WS vadivs if
A Winimuwm awmownt of heet wetal i§ 70 be used v itS (OV strvction

=2

q
N 1024w’ e B2+ oyt

= 1029
L A= ZTelh + 2Ty? AU A (&
’\_) V= Ty A= T (22 4 v?)
-~ 1024T0= T\ " dA o o024
\024 = v2h Pih Av 'Z“(%*ZV)
h= 1024

Ve =0

-1024
when wyz +2y =0

-1024 +2v3 =0
2v3= 1024
¥3=512

does Yhifg
y=8 &« vt & wmin?

(test w "(2)
o / f'@)

Jv: c A\ (_2——0::4) +2.>
7 0V positive ¢

Lwmianiwmvw

r=gcwm for wmiv surface area
example 3:

Q +Hpmg\e 1S inscriped in 'sew(\c'\\rc\e 0f radus 20Cwi S0 that owe stle is alon
the diameter. find +he dimensions 0 wnximise the areo of the Higagle

@ ovea of tviawngle = 3 %Y

x:z:‘f @ 1-07'=)(‘-r|4"

\ q0em E (foe %+
20cwm
. @Sulo ivto eath ot hev :
maxe 11' :.: 19(’
0t . 3 ‘
A= 3% J*Ol-x‘y
o éx(402-x1)z _ x’

@ find 9A/dx w/ product vuie i-e- (40%-x%)™ -

-F= '\ix '= ';|_'

2 z'll ] \ 2 1'"!
9= (20 *x’) g'= (40" -x*)

g = 3(40*-x2)"™ « $x - 3

\

2

=0

(40*-x2)"™

90*-x*=- x 2

40x40
40*= 2x* 2
3_ Y2 t - 20x40 -‘-I"
(4 "’)‘ "3 x’(407-x?) N x= {20 x40
when 3 (40%-x)7? -4 xct (402-x2) " - x= Jdoxaxz
(a6x2 -x2)"2 -x* (40%-x2)"* =0 = 10-247

x

2042



notes from the textbook - differentiation (chl)

y=f(x) = glx)
then

Ny = g ()£ (x) * £(x) 9’ ()

atrernarively, you av wse v awnd v Yo vepresewt f(x) awnd g(x)
Y= uv
wew

dyldx = V%!"'u'd"x

E % wheve u awnd v ave fuvckions of x

thewn
v ou ov
. Vax W

2

oy
dx

\J

y=3x*+4 v Ay /ol = 6%

WOWRVEY  Suppose we aven't givewn \ diveCHy in ferms of X but Wstead ave givew y
v *evwm of another vavigble G- U which is in fevms of x

if y=flu) and u=q(x) taen d%x- d‘t %‘i
txample :

Y=A4u+3 u=x*-4

i %:Zx

au
H .90

= 8x

if y=[(f060))"
Faew oLt
/iy - n(f(0)) F'00)



notes from the textbook - applications of differentiation (ch2)

points of inflection:

K

£)

| [
N

seto g%
i N
\
zevo\

2ev0

\

this allows @ Skerch of f'(x) awnd g'(x) +0 ve drawn:

zevo PoOINts

on f0x) -when £ "(x) <0 thewn f(x)
et ercopas = covcave doww
l 2 A -whtn £ "(x) >0 twew £(x)
Vi N\ = (oncave up
"paimoﬁumqam -ar all rwe points 0f inflection,
becomfv\x\:vmhg fll(x) =0
(out £"(x)=0 doesw't necessarily
weawn itf a P01)
and also §"(x)
'\\/7 //'\
4\

- to deterwine wature: _
b sigw rest (gvadient ow either side)

laf"(X)
1—7\4“ <

> P
l_;guf_

often 4Y/de
and %*Y/dee

V = voluwe
A2 HW&E
then GL = the change of valuwe

0 — wmax X =%, wWith vespect ¥0 rime
0 — wiwn
0 — wust use sign test
to determine if displacewent is x[E£(¢))
The verocity A o functiown of fime is
. given by v= 0%
=y at
=Y digpiacewent Hhese are o .
and =7 = accelevation
I a\l vectovs at io- 2" devivative)
Velocity ) 5 \;equiye (i-e S evivati
. 0 directiown YT
accelermtion dt*



The following list should serve to remind you of the steps to follow when locating stationary points to
solve applied optimisation problems.

If a diagram is not given then draw one if it helps.

Identify the variable that is to be maximised, or minimised. If this variable is, say, C then you must
find an equation with C as the subject, i.e. C=77

If this equation for C involves two variables (other than C) find another equation that will allow us
to substitute for one of the variables.

When you have C in terms of one variable, say x, then you could view the function on your
calculator and locate any turning points, or, if the use of calculus is to be demonstrated, find the

values of x for which % =0.

Use the second derivative or the sign test or a graphic calculator display to determine whether
maximum or minimum.

Check that the value of x for the required maximum, or minimum, is within the values that the
situation allows x to lie and check that it gives the global maximum, or minimum.



1owev e hge
delta vy  _~swmall change

dy - gim flx+h) -f (x) N DY vy
dx h=20 W Moox

\ swall change
in x

~ M :
Yy % f,’( 8 < intrements formuia/ (swiall chaunge
increwmental formwlae—  fovmula)
(v formula sheet)

if the weignt of @ triangle changes from h= 4w +o n=41tm % b:=2h
bh =zhxh 2

j\—he swmall
%A chang e

2h b\ (4-|-2> thange v avea 0§ W goes frowm
2(4) (0°1) / 44w
0-8cem (swall change in A for swall change
. in W)
= 1S same as A Surfare
/n areQ
deteywaivie the Qpproximate pevcewtage errov in the voluwie awd SA of
M Spwere 0f Yvacius 4cwr , correspending t0 an evvor of /- v it vadivs

I
1

volume of Spneve e e | sur $ace aven
- 7
V= 418 b= 46“”'/' volume SA=4Ty? d A
5\1‘3“1‘—'-5 2V, 100 = /- change A=, cor
{—L__V/ v Vv $A = BTV - §r
SV = 4Ty’ 4r 100 X
2.
100 X 5—}’ = A8 00
V
0 x by . ATrTEr
19X o 100
= 3 3 x100 k. waes
1 it /.
17. (in Qw)
i‘e- 0-0\ x\00
=\
= 3%l
bV =3/

U7 thange in volumme
(if vadius has ervor gf 7.,
vO\MWme was eyrov of 37-)



if C(x) is vhe cost associmted with producing x items then C'(x) is the

warginal list
-2 the (0§t of producing 1 wiore irewr when x, have beewn produced

5C % ¢'(x) %x wheve §x =|
X = X

(@10 swall ch@Anges wavik§heet)
o cloged cyliwder \0cwr g was o cvass-Sectional vadivg of Zcw. use
devivatives 10 find +we approx- evvoy in the volume of the (ylinder

cavrerowdlwq o own evvgy of
(@) ¢\ ¢ ivi measurewewnt of |emg+\n

v=Tir* W
—Kch ‘—T[(A)JC
VX 4M4x

\pewr = 4T (0-1),

w«\—\roo\vtced 1
Variabe that =0 "rTTCWl

was thhe evroy

(%) 0 V=Tlr*h
10ewr =Ty *(1o)
| V=0 Tv®
OV % 20My-dv
or=005 oV= 20T (2),(0°05)
= 2T wtm

(@9 swall thavges worksheet) i "”“eb@mm

use derivatives to find twe approximnte chawge n the wvveol surface owem of
A cone 0f heignt 10cm  covreSponding 10 @ Chawnge v itS base radivi 3cm —73-0um

A= TIYS
S loew need FIYWMULO with v's (nly
l need txpression for § i
rermy 0f v

s=J 10 +¢°
“A=Tr V100 ty?
6Y= 002 -l/pradu(.f ruie

.IIz
ﬁd\é - ﬂ\/looﬂr‘ + v -3 (100+¢?) (2v)
G
v=13
sA % 3R sy frso02

=[1r\lwo v o+ M3 (\OO-H) LZV)] (0-02)

= 071 CW\



(Q15 swalt (haviges wavksheer)
the pevicd of ofcillation of 0 pendulum of [enGHh L, is given by T= 2T 7,' W here
15 o CoMSTanY . Find +We appraximate percentage cwange w T covvespovudmg Y0
0 5] dvop W Yhe lewpth of Fae pendwium . Find the approximate /- change
L corvespovding 10 @ 2/- intrease v thwe period o0f oSciliation

1]
T= 24§ 6T & ?_“ U™ 4L
- 211 'l _,
- L = I
9 5 L L
\4-_ Ix :(“ L—h)
=23 L 5L x100 TV . 2TL™
wlf ‘Sf l"lz Al L'Iz ) \rg \r—g
\4 =321X \[~g T‘_L-'Iz v ‘ﬁ
-3 (25 x100) 5 LY
' . L‘I‘L L"z 2
:-2— (‘5) \
=-2-5/. =t
2-6/. decrease

[ue xéT) -5 (3L x10)

T

1= 5 ( )

. Q9 increaye in L



(A2 swmal) Changes wavkSheet)

7
b
—tom— X
(changesr from

2—22-01)

similar Triangles
W - X+0 W= 2(>¢+10)

— ————
2 X 1o
w= Lt~
-20
3“‘- /)-C—’ -5[
-20
= — (001
< (001)

=-0005wm



NO PpoDWMCT, (HAIN OR GUOTIENT RULE!S

i ay o xd y =2 ex peviment :
dx ~ 4 dv= x5
s /JfSp_C_:
- X L.
V"7
i -3
if dy/dx = —7 Y= -X__ ¢
= x-q 3

=xl/2 ;
‘jlez + (
3/;_

_ 2 3/2

=3 X T(
jx“ dx
- gt indefinite
=~ — +C wn#-l inteqrals

n+\ i
inteQratt the following
2
@j 4\‘1_ dx @j z*x dx @j(HZ\ﬁc) dx
X
3 -% jx"*x ox §\+4\I7c+4x dx
. -\ -1 2
"‘35)(_’20'1 X o X o4 =X+4x + A ¢
/2 = = 2 :
-/‘x Tc | ( 2 ¥, ax?
e = = — C = 3 X Y +(C

=__xlz*c X 2751+ x+43 3

3
=5+ Ex sax? w



J(Zx-r'?)-’ dx
G+ ¢
3x8&

- (3x+7)8
24

+ C

with2 keyoaoard
ngdD

d U
] J d (3+7) dx

pPUr an Stavdovd
fov exatt value

S(ax+b)h dx

((Ax-ﬁﬂ)n“

a(n+l)

= (3 x+1)°
24

+ (

K calc doesnt add

a (+¢)0

tht tn

d ¥



y: (f]""

j‘_‘d_‘i = (m\)[Hx)]n- f'(x)

5/"‘

5 Ix (x2+4)  dx
[ S |
£

S f[xr+a]”ox

«

4 [ oy =sx dx

— the vule

jsxz (3+213)4 dx
j(u )x?)* - (bx?)

5 [ (3+2x3) dx
3 S
=%’ (3+2x ) ;
¥
(3+2x 3)° .
)

3¢) j _3x
Vit2x?
J (142¢*)" "2 3x - dx
35 (142x2)™" 20 . dx
(14 2t) 4
(142x2)™ *c

2
|

wiv slw



ay 0
o f A S f(x) dx = value
j)c dx a
f %'i“‘- / V:-lx*s ‘4=xz X
/T AL
/T q 2
g [ oved J = 1% units’
i < > > x
—3 — y
y'=2x+ =0
¥ 113 trapeziums x= -
] 2 b2 A=\+41'q =14
exalt = 13°5 J
YEHQV\Q\CS 1 /civcumscﬂbed
: : : - rectangle
inscvived: 0+2+ 4 g 1 et W?Mq)
veumscrived: 2+ 6+12 =1¥ ‘ — i "
i T
. : : > X
18+8 =26 =2 :13 . 2 3

if we ivrease the wuWbev of vectanigles, the accurcy improves

twe suw of all such rectangles with width swall (veally small)
gives wW the area under the (uvve

the sum of the vectangles isn't shown by Z

) b
it!'s mj

b
S f0) ax = Feoy - F(a)

F= antioerivative of §

fov definite mtegwals,
dow't wveed +C (would minus

2 each other)
-}-' * _3:— - (.o_s + -e-z)
3 2

xi+xdx

[ =
—
w
o
—
wiw
+
|
~
hd w

"

~

+
I



detevwmine twe oved

0ORS thrut *3

3
vevify w/ -3)-3

A= {"Ix- l‘; ]_3
- [21-9- (-21+9)]

= [54-18]
A=30 L Sawae

=
o

x (-1 )(x-2)

cub ¢ A
find i £

o UV
LS W\ (vorma))

A= oj x?-3x%+2x - dx - ,f x3=3xt+ax dx

bouvidleol by the funiiiow y=9a-x and the x-axis

/\\9 3 )
/\ A-._ZJ‘Q-I dx
3
¢ : > X =Zﬂf 1%y
J‘3 t R symmetrical . X2 5ome
371 ber&fem
v = Z[QX'T]O 23
-2 [21-9-(0)]
=2[1¢]
A =3%b

poESN'T WoRK -TUST TO SHOW
vy=(x?-x) (x-2)

/N
/\n

, = x°-3x? +2x
! Z X 2
/ As,) x3-3x7 42x - dy
v 2
[ -wm)
/Zw neq atick oreo

4-3 +4

' 2 = 0 R area ('t 0 .-
[z; -x3 +xz] - [?_Caj —x3 -rxz] (dOQJV\'+ Wovrk
0 : - clearly wnat 2ero)
\ /"‘f?mfdcm) J subbed 1 v, Y
= [7\ A=) - ["t-?/M ~(3 -1 +;|)J
A | _ L
- 4 + z = Z
o g)\\cm\mov
DJ 0dg \Asezmbsolufe value
j Ix’-sz-th dx
j2x3'3x‘ +2x dx 0 K
0 =05 o 3
=0 .- wrong ocovvect



doeswn't watter

) War quad
) /Wﬁ I A’aj- q- f dx :’:' i;—'mmm i
AT

y=x'  Yr2x  deterwine avea vownded oy twWo fumctiowg

1
intevsect when x’ =2x A= of 2x -x? dx it doing 230,
x*- 2% =0 3 T would ~ ger -3 ot
X(x-2)=0 : [x’-—g‘],, can chawvge +he
. - oy . i
S x;o ov xbz g Sigw
= 4- 3
A
3 Uity



Q10 EX3( need rxpression fov velocity
initialy @ 0 Orlgm)

t=0, x=0, v= G=3k-1l
V=SS{: |l olt
m: (gt'”) L g‘b ‘”b‘\'(-
2
® t=0, V- 14
o= 19
s 380 14
L vE = -llee

need V, next Hme @ ovigin
. need digplacement (= +o 0)

x= § 2 e o d

= —%3- - \__H: + 14t t(,

next @ ¢ 5 whey x=0

b 2
0° %— ~l'z_t+(4t

A t=0 oy —2—”—"+\4=0
initini\y

3
Lxe B - x4t Er- 42850
(t-4)(e-1) =0
t=q or
R_vookiwng for
ne X+ ¥iwie
L
t=4  v= -3%-2 S {4+ 4
= 24 -49 +1)4
= - 6wm/S
Q\5 EX3C
washs fov "fun" v 3t dt
2t?
A= 3t+2 A
= -tz +t*+ C £t + C
when t:=0,v70 3 | [
4% e (i-® between 3+4) w3y 21 L9 w3¢ 4,
Fravels 30m ks
x(4) = b4 4¢, ~C
thev find C, [T

diffevence =30
x(4) - x(3) =30

3241b+4c,+(, - (Al +qe3cry,) =30
48 +14(,+¢; ~ 135 -9-3¢, - ¢, = 30



properiies of |
O (“mydx - - (“reax
J ks - (e

Q) ) j ‘-F(IMX : a[bf(x)dx ‘fbj[{(x) ohx



,_\/M = {x)
'\/  areq wndey

Twe Curve

=~
7/

0 b X |
| ‘Count the Squares’
A7 squaves
capr b
1 1 \47( ) ivet
— = 034 units
50

ore; of the Strips'
e Circvwnscribe 3 inscribe
1 overestimote 3 underestimaie

10 find avea undev f(x) frow

A=A +0 X=b
b Split vp into strips of x ]
' |
| i x=b
3 im s
- T f(x) 6x
‘ -ﬂx)‘ 63~ x=q
| L ! Writes ag:
k3 ("Fex) d
X
Qa {. x
v
("roo dx
1A
O antidifferevtiate £(x) w/ vespectto x V)
(and 0Mit the +c) !
@ sub b into answer fvom8 &1 '
() Sub o into awswer from ! ‘
@ (alculpte: (@-®) 1 3
o - _ 5
e (Mg oo = - avea 0f tvapezium = 2 (q; )
= lqunits*®
calCialug 3
area=\S (2x +3)dx
3
= [x*+3x]

(32+32(3) - (1*+3(1))
4 units *



J

2
area = g 12 dx
|

x=b
" > f(x) 6x
[lﬂ] x=0
ﬁ
29 _ 11
1 2 s ——4" ‘4_'

= 3°75 unit?
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b
displacewtent= J, v(¥) dt




x £0x) dy _ oy _ ou
v-= e =e — T = —_
‘g l’t u= f(x) e Ao
adu o
it y=e” AT A 2 %
(ﬂi G \4 = e
dx oy v R QHH - £'(x)
au ¢ dx
. _ _ thing
x?+2x it Y=e
Ll x2e2x Y = e derivative (thing)
\j'= e (2X+2)
- oxt 2 ,-2%
y- &™) 17 = T
' 2x 2. 02%(2) Y's= e ax - xt-2e” (4"—er wxte o (-2)
Yy = lxe *+x*t 2 v
Xproduct vule (™) = X _axt
quUHQVH rule pl*¥ g
2xe (1 -x) 2 lx- 2x
g4~ e 2*
_oax (=) . 2x(\-x)
eZI e!i
Q33  y=5e™ @ (0,5) equatiown
\4'5= ‘O(X'O) ‘4—” :M(x—)C.)
\4|= gezx .2 ) !
- lerx \4- \UX'\'S
"= 10 (1)
y lx:o



it .dd_‘-fc £ Cx f.eflx) F'(JC) dx
Y= Scxdx :Q{(z)-rc
=X+
2 .
X vaviable pavt
‘fe x dx hWas +0 be iwn
L X the ivtegrol
5 C
AN (cav fiddle
around w/
the CONStowts)
(‘*l"‘)“ tends toward
el- - ———""""" 4 2-827-- -
(o,

N

n

fe"‘ dx

wl -

3%

+ (




111828

it the v0te was 7/ per awvum

w/ covtinviows cawgoumding-'
$P x (2-71828) 07

aftey 2 years:

$0 x 3 15289)""

this wawmber 0f 2-71828 came from

Consideration of: Lim {(‘ "":T)“]

n->00

A_ +wisis equal

et 171829 toe

¢
A= Aoe‘f\— covstant
x Tinitial

present @
time ¢

it y=e*  then 34 -e*

ax

LT G

a1so if  y=ef™, we ter = fx)
and o Y=e"

then by the chaiv rule:

M:M){d_\‘
dx du olx

= e x f'(x)
L fl(x)ef(")

S- { 'ty et™ gl

et

; - e%* dy  x
f y=e"  then e = ¢

_ (x) '
if Y= ¢ "™ new by the chain vmle 3—3 '™

it Ae*®  tumen 9‘&% = kAe®t

in functions of the form y=Ae* S, tne vate of
change of y with vespect +0 £ 15 proportional
t0 y itself
X deccvives why functions i twe form
Y= Akt descrive qrowth ov decay

Yy growth ov decay sitwation in which popuiation
propovionol to the popuintiown itself
e :TP cpp Can e s:-‘:w‘f‘ by p- Poe“
v equariin: where Pp is the
popwiation @ t=0

i teyms o4 X avnd y

¢ d -
it Eg : ky then Y=Y, ¢

KX wheve Yy iS +he
value 0f Y when X=0



{-QY EY ()C A

let y=Ap* .

d
then -ﬁ = Ae*tk -

T~—(0,A)

N

ooy Kt
g - kAe !

for any function 0f the forwm \4=Ae"'°, the rote

proportional to itself

dp

L - kt
at r kP \'\neVl P' Poe.

hence, if

(
5 =0-05

20
[ EXAMPLE 6 | (57 inCrease)

Demographers monitored a particular country’s population growth over a 30-year period from
1985, when the population was 2 000 000. They found that the population was continuously

’ 5 . ’ ! : dP P
growing with the instantaneous rate of increase in the population per year, =, always close to 30"

dt
a  Estimate the population of this country at the end of the 30-year period.

b If this pattern of growth continues estimate the population in the years 2025, 2040 and 2065.

Solution

a  Let the population # years after 1985 be P.

We are told that g = 0.05P f dP _ kP then P = Poé
4 dt

Hence P = Pyt

Taking 7 = 0 at 1985 then P, = 2000000, the = 0 population.

Thus P = 2000000

When 7= 30 P = 2000000507

8960000

The population of this country at the end of the 30-year period was approximately
nine million.

b By 2025,+=40and so P = 2000000560
= 15000000

By 2040, 7 =55 and so P = 2000000¢"6Y
= 31000000

By 2065, t = 80 and so P = 2000000"%¢)
= 109000000

Assuming the pattern of growth continues the population estimates for 2025, 2040 and 2065
would be 15 million, 31 million and 109 million respectively.

If the situation involves a quantity decaying rather than growing then the rate of change of the
quantity with respect to time will be negative, rather than positive. (See the next example.)

ivitial vaive (t=0)
(P-intercept) -~

A\ 4

P

N

%

/

/
/

of change with respect 10 t is

7

k>1 incveasing (growth)
Y K<l decreasing (decay)

A particular radioactive isotope decays continuously at a rate of 9% per year. One kilogram of this
isotope is produced in a particular industrial process. How much remains undecayed after 20 years?

Solution

If A kg remains undecayed after 7 years then
This is of the form ‘[11—/4 =kA and so
t

Whent=0,4=1. Thus

When ¢ =20

Approximately 165 grams remain undecayed after 20 years.

EXAMPLE 8

dA
dt
A

A
A

vave:

= —0.094 QI =-0-09
400 T N
’ decaying
1‘"{'(]‘)1‘
(’7“'“‘) x20
=~ 0.165

21659m Veft

A savings account is opened with a deposit of $400 and attracts interest at a rate of 8% per annum

compounded continuously.

a  If the interest rate is maintained for five years what will be the balance of the account at the

end of this time?

b How many years (correct to one decimal place) will it take for the balance in the account to be

treble the initial deposit?

Solution

a  The principal grows continuously at 8% p.a.

‘This is of the form %P =kP and so
't

When #= 0, P =400.
When =35

Thus

After five years the account balance will be $596.73.

b If P=1200 then
16

Solving with a calculator gives

4P
=~ = 0.08P.
dt

P - P“K[LUKI

P = 400£%

P = 400098%5

~ $596.73

1200 = 400"

3 = 008

t = 13.7 (1 decimal place)

The initial deposit will treble after approximately 13.7 years.



bosics: _
if y=sinx if y = oS x iy Tl (thing)
Y = Cos x y'= -Siv x o
then y'= gy (thing) - (devivative of thing)
what if : 12t u=3x thain
= sivi(3x) B y=sinu /e
Y'=300s(30) oy . oy . du
M odu dX L s
= (0§ - ?/ back in

= 00S(3x) "3
= 3(.05 (Bx) . : (31)
Y= e sin (3x) y of am
derivative ot vie product vule ,___L
¥+ (oS (-3x?) /  (-32?) Y's 202 - 5in (3x) + ¥ (04 (3%)-3
Y'=-Siv (-3x?) - (-6x)
= bxsin(-3x?) ,
ay . g =28
(ze”“-’zé)") 0s(x?)
Y= Sin (2e%) 4 wse quotient ;rvue 2
y': cos (20%%) - (4e*) Y'= Cos(x?) -2e™ -2x - 2e (-sin (x)) - (2x)
(cos (x?))*
AN s X ¥ 0§ x
= (0§t x
jsiwxdx = -C05 X t¢
fcas Xdx = sin 2, +¢C DGESN'T WORK - DV?N,,‘J DO THIS in general:
Jeog ez ST  Hhid Wt 140 be
X { cos (ax) dx
j‘ €05 2x dx S|n(mx)
= zsimax re ¥ a ¥ e
recall: = & Sin (ax) * ¢
J[f(n)]".f'(x) dx Ssim‘x-mx dx
nel
= & t (C
n+i
()™
j[f(“)]“ =) dx = N4l
A _ ginlX A
JS‘V‘ x - cosx dx = - C

\* sinx

=(sivx)



|
£0x+h)

P

iy
f X xth S— 19 n variable

Alx) =57 fe) dt

h-f(x) < Alx+w)-A (x) < h f(x+h)

Nfixed point  point lowey upp ey
= A(?C-ih)-A(?() y MYRQ_V U=f{£)
['fWW' ato] _[from ﬂ] . [area from veetangle,, 4
x+h _[*‘07‘ [z-vx-th] ———————
- £(x+h
calied the | {](-z)
'cqueeze | l J
as h=>0 theorew 4 L,
' [) x(xoh
fix) < A'lx) < f ) lower vectangle
same .. implies that thewn =W
A'(x) = f(x) = {lz) < A(x"'"‘)h'Acx) < flx+W)
o d T .
= -‘T,r; SRR definition of
devivarive (Same as A () “ devivative
RESULT OF FIRST FUNDAMENTAL THEOREM
A'lx) = §(x)
f A(x) = F(x)+c {where Flx) - f{(z)]
L witk vespect
10 x - _ , ,
/ beginning paint A ther ewd
0t t=a at t=b

A(a) = F(a) +¢
0 = F(o)+cC
“(=-F(a)

A (%) =F(x) - F(a)

A(v) = F(b) -F(a)

b
[ er e = FOd-F@)
R fram olefinition
above

definitim for
a oefinite mtegral

RESULT OF SECOND FUNDAMENTAL THEOREM

_d__[xtz.\Bdk d fx g FO)=sf b5 dt
ax o ¢ find wax:
=xt+3 =sz Filx)= ¢*+5

et =10 O



= discrete vandow variable
discrete = we couvit (inteQer)
randow = W0 bias
NOVIiQWIe = WUSY Wave waove +haw
1 outcome

cowsidev tosSing 3 fair coins

e A HHH ] suppose we are inderested in twe voviable # 0f heads

H HHT dbtaivied in 3 t0sSes
AT
=1 HTT | 8 cawbos 0,1,2,3 heads (X)

R Y
/H
N, P THT x o |1 |2]3
~ /H TTH Px=x)|= [2 | 3| L
T ~T TTT 51373 | 8
p(x=0) PIx= )p(x 2) P(X=3)
- outcowmes (x) must bR 0R A cuwmulative distvivution table
discrete
- Qutcomes (x) wvst be x | o] ]2]3
o ol ow n 4 | 7
- P(X=x)20 P(X<")| Q I E] |’§ |
- SP(x=x)=1 P(x=0)
+p(x=1)
@1|£‘| | | 3|5 P(ng)g k(4-x)lx=llzlg
Pix=x) | -0V g1 |04 ]o5 0 , otherwise
Gx|o]|']|3]|s x | v ] 2] 3 jf"°‘:‘;‘wg“"k‘5(2‘“9
POx) [0t [ ot [04 [o-4 Poex) | 3k | 2k | i
@ x |-3]-2] 1| © DRV? yes - =)
Px) |06 [ 03] o O-6k =1, find ks
k=%
@ £l aut tabie using k
2 2z 1
) 6 6
&) P(¥ is 00\0\) ‘35' 2%
PYP(X>2)=5+¢ -5 =%
l‘,gwem +\na’r Ve
&) P(y=3|¥»2) = b Al T



(ounting the H of virds m a fence in a day

X f P(x=x)

! 3 3/20

2 1 (20

3 5 5/20

1 ! '/20

5 4 | 4/20
adds | 29 |

avevage wo- of bivds:
(1x3) +(@x7) + (3xB) + (4x\) +(6%4) - 2.8 birds

20
X = E(x) :(|x;33)1-(2leo)+(5xz—%)+(4xz%)+(5x:—o)
f ]\ : 28
¢ )X Px)y=p

v
expected
value ot X

also: var(x) <2 (x-y)l P(x)

(x-M)P | p(y=x)
(1-2:8)* | 320
(2-22) | /20
(3-28)% | S/
(4-29) | /20
(5-2:9)* | /10

Vav(x) = (3-24x55 ) + (069% 75)* (0:04x z—f;)+ (v4a% 36) + (a°84% 55)

( = 176

: stavdard | sd-
deviation

S D W — =

d=4J V76
33

T

vav(x) = E(x*) - [ex)]”

P(x=x)
320
/20
5/20
'/20
4/20

U] D LN =X

vav (x)= (P2 3a) (2t 50) + (32 x 2 )+ (45 55) 2 (5355 ) - 2
(015 + 114+ 225+ 0-8 +5)- 2:9°
'76

JI76 =133

S-d-
Y
1



e-§- rolling a fair die. X-value of die face

x | v ]2]3]4]|5]68
P(x=x>|_'|i|l|l N

6 6 6 ¢ Iy 6
graphically:

L

LY
T4

E(x)= 1 %4+ 204 ~20f v4x} + 52} t6xd

4
"

=35
var(x)= 2 (x-pm) 'y P(x)
= 2-9)p
gragh + table (fable)
st 1 list 2 ox = stavdavd 2 374 .- n
! 16666 deviatiow wl |
. l60bb E(x): 2Xxm m calc:
: 16666 x= | zﬂ .
16666 0
5 |-gbbb -l -0
6 \-bb b0 L
var (x): €(x?) - p* ) x% (a1 v)
Pt (%)L e
x=l Z

Wit the ‘Simp’ buttoh +o fimpiity
= wz—l
(2 standard deviation
is { 0f varianc




considey o
x| 1| 3]s "
Px=x)l o2 [oslo2 ]

) ; i AJ ;
E(x)- 3 trom
5=12641 Jteafe

if Y=X*2 (change of ovigin)

symwm ¢try
y|3|5 |7 ot (=5
e(veyy| 02| 06 f02 0-41 I
E(\,): b 02 I I
o= 12041 N LI L LA A L R

gpread (s-d)
if W=2X (change of scale)

wl 2] 6 | o
Pewsw) o-2 | 06 [0z
E(w)=6 (oviginal % x2)

b=2(1-2640)
:2:5298
Summar y:
data mean S-d-
X M b
X+ M+ §
kx kn k| x5
kx + kum + IEX

X avsolute value
(canndt have -S-d-)



Beynoulli trigl
- @ Single event/outcowe awnd if iS either @ gucCess ov faimre (2 owtcomes)

- pvobability of Success mwust remain constont

in general:
tosging @ com onte  X:a head if P(success) =P
x| o] 1 then P(failuve) = (-
P(Y= x)Iosl 05 E(x) =P

vayr (x)= P(1-P)
E(X) = (0x0'5)+(1x0-5)

s 0-5
var(x): 0x0°5 + 1> x @5 - (0°5)°
: 0°25

nwow 10§ coih 3 times:
(vepeated Bernoulli trials)
*ingependent events

x | o] ] 2]3 /@)G)’(,i)" now repeating a Bernowlli trinl n times
el g 1513 13 With o proumbility of SUCCRSs P[failure (1-P)]
A Pt Ks NN is called a Bingwial distripution
AL i(2 ) G):)%(3) i p(xex) = ()0 (1-p)""
HUT OTR2SR20 /0 ead)
HTH - E(X) =y =np
HTT (D) (z) vav(x) = np (1-P)
TT1
THT >v(w1n+w\(n
THH ~ Bin(w, p)
TTH e il Y%’%“;'J lclc+1>vrs
0f mons
X~ Bin(w,0:6)
i-e- Bin (10,0°6) Stots
a)P(X>6) = P(X>1) cal( = distribution
b) U = np binomial PD ov CD
var (¥) =wnfP(1-p) finale L cumuiarive
(ﬂ) A evez (wmore than 1)
5 lowey : 7
n= 40 upper : 10 then hit next
- K- 40(0 b) nuw trial: 10— gives probability
a pos : 0°6
) (n )(” 6)" (0:4)" = 001 probability
06" =0-01 0 success

=q-015

® 9



if 2% =1p what if 2% =152 on classpad
2% =21 X must lie between 3 and 4 keyboard : 10,0
x= 14 by calc: x=3-91 (2
4=109,1b Y (20t p)
we say that x is the w0garithm +0 the base 2 6f 15
2*=15 e X =109, IS
vase C oase

ie- approx 3-9I

scientific:
10g —> base 10°

109,,(0) n — vase ¢°

- log, 15

© 4 is the nuwiber 2 wust we raised to,10 give 16

',posmve (a>0)

if " °b then  x=109, b
0w formuiq
sheet
a: base
- base 10 109, 100 O 1000 My = 10g4m + (09,0
notation: 109, x 2 (0'<100) @ 10ga ()= 1090 m - 10901
*109x 109 0 109 (M) = klog,m
-] (107'= v
4
ndicial form= d" = f logarithwmic fovm= 3 ° 109, 81
lgarithmic = vi=1004f indicial - 27*” = gl
base 10 3
. if | 2 3
write i the form tog‘vﬁ F just 109 '—?-ogfql %3-37 3’4 jaw
O 1098 + 10g3 = log2q < 83 } E_Lgf/
. 3 ; -3
® 31092 = 10g2 1098 09 7
® 2+ 1093 = 100100 + 1003
@ =100
= 109300 - 10" =100
@ 1- 192 logw - 1092
:oleg 5
@ 1092 +1094 + wqa * 10943
® 109125 +10932 - 109 LT )
B |aq(#
: \og( 125x 16%5)
\og (10000)
4R 104 =10.500
5 109 ¥ lo z' from rule
@ l0g2 —(52'{ : Zﬂi



109, Y* + 100,49 = 10
alog,v + w09, y = 10
5109, 4 = \0
109,y = 2
N2t=4
LR
v cv do indicial forme:
2t = v .'.‘4:4

eXAWple

example (solve for n)
0g, (V2x?) +1 =45
log, (2x3) =35
comyert 1o (ndicial:
273-5 = fol
272 = (ax")"
squave both sioes:
(2712)2 4 [(ng;)'lz]l

2] *ax
2/ = x?
26 s x3
@)% = &)
“wbemof
2z D ¢
x4
example :

0G4 (x43) +logq (x-3) =2
1084 [(x+3) (x-2)] 109 = indicial fovm
(x43)(x-3) =1b 4*=16
-9 =1lo
x?= 25
Xt %5
Y cannet wave negative

example :
(7%)*- 4(71%) = 0
1°(1%-4) =0

1% =g or 7%*:=4
no selution  7%=4

<= 1004
107

et
thy

0 x= 09,4

example
4% 8 19

1004 70 =2 -3
lOQ470 t§ = 2x
£ = '01570 +Z

2

convert 10
09 §0rm

*4+5109410

examyle: (exact vaiwnes)
55% = 3zz43
take 16gs ot pothsides
10957 < 10937 *°
wse 100 \aws (3*4 1aw)
Sx 1005 = (2x +3)1043 eﬁ;ﬁczgﬂ
= 2x10g3 +3(093
5x1095 -2x1093 = 31043
gronp x's 0n gue side
X (51095 -210G3) = 21092
Lsactor out +he x

- 3log3 & ine exact
51095 - 2109 3 vaiue

example: (5%) +2(5%) -24 =0
let y=5%, y*+2y-24 =0 (quadvatic)

(4y-4)(y+o6) =0

y=4 or g.—_b
finding x: 5%=4 or 5%=-¢
10957 l0g4 o 10G5=>+gLe)
%1095 = 1094 L cant nave
x= 099 V\\:%aaff'lvqe ne-
(095



[ogex] -
]

base ‘e’

follow all leg laws + properties

L)

L MeRhs 104 base e

Y= loga X :

x > 0 J 1 ..... :
xX-int (1,0) 1 X=0
al=x [z-im x
a0=x =(1,0)

\ = x
0r 10gs) =0

whew x=0, Y=1 €— passes thrangh this point
using 10gaa* =1

vertical asymptote (x=¢)
the y AxiS as the function
iS wundefined at +this pernt

note: the base doesn't matter

I x intevcept
2- whewn y=1  x=?
3 asymptote

of the base graph example: y
_ 1! 02,1)
Y=10ga(x -C):horizontal transiation |
_ y= 104 (x-2) r 2 .
negative = moves vight "’7["’3 x=12
tive =
positive = wioves left ,Kvevﬂcm
1 Asymytote
y
Y=10g.x +d = vevtical transiation 14
(L)
X-int when \4=0 = Ing + | /a *
0= 10,0 X+! X when y=| ! {""’" 1
121000 X 10§01, =0
W','/ =X becam!ck; - 1
10 = xX=01| : =0
x ol 109,107 = 0 v’gvﬂcm
asymprote
Yz 10ga (x=c)+d = combinntion 1
: 11 (3.0
X-int, y=0 !
0=109(x-2)~1 Y= 109 (x-2)+1 : (_z.|:o)
-1= 109 (z-2) Zé-! 3
10°'= x-2 *—C‘ﬂfz'@e when y=1,x=? Svertical
- : ndici - . asymptote
X=2+(01 indicial | = l09(1—2)+| ]
=2 1= 109 (3- 21
waKes = 0
since log L =0

ind +h ]
1vauuuzo%—:c Hhat MAKeS this =0



can oy differentinte watwural \0gs \4=€nx
Y

=10Ge X
e"=qe
x=e’

e _ o
dy
dy _ _'_
ax e?
TR
" odx x
S| ; o ﬂ =2 1 = X LY ='e :
example: if ys=tuax, 3 <27 example: if y=€n ()  wample: if y-€nx
proouct \4=CWI - n2 U;’Zﬁmg
y=tnz + {nx Y= thx - 0 y'=2(x)
Y- x Y= "=
example: if y=4n(sinx)
|51 U= Sinx shmcwdif— Y= n[fo0)]
. g - | ’
i'-: = (08X - ta|:he chain - T £
d d du
Y= {uu RE TR
dy o s o - Lo
av u 1
* Tinx 08X
CoSx
sinx
example : Y= €n (2c062x) example: if y=€n(x?- sinx)
L R . -45in2x dy _ 2xSinx+xcoix &/ product rule
ax " 2cos2x Ax X -sinx
-4Sin2x ov
i ik Y= tnx® +€u(sinx)
z2¢nx+<Lun(sinx)
x'-4 '
e)(ﬂWlPIC\g:'CVI(x.U) yf- ;2‘.—4'%

y= tnfe-4) - tn (x +3)
={n(x+2)(x-2) - tn(x+3)
=fn(x+2)+ Cm(x—z') -tn(x-3)
|

cl + N !
x+2 x-2 x+3

example: Y= 10g, x

%= x
tn (2Y) = tnx
yin =£m|x
R Tvrs - {nx
\
¥Y: Tuz _:|c_

'\ constant



R \4':-(_117_( — cannot ,(x“dx

<, wivk as n#-| L+ .
then [ dx vyl
=fnx+c
4
if Y= €va[f[x)] example : ff‘. dx
g s L /‘\Vfii‘ M ot s
£0x) 4= =
o) 1 I
£0x) take 4
vt
= Lnffx)] +c S 4€n(x-1) ¥
X -2
R_ of this G §' = -
‘ T . f'=bx-4
=2 Efn(x2r1)+c = 7 M (3x*-4x +5) *¢
2x-3 Xx
example : fm.; example: fx” dx
,"l

R £'of this \
=2x-3 x4 |x_ cannet work yet

={n(x2-3x+4)+c
-x+1 v
- now - x4+ dx
{ vemainder : x = € (x+1) +C
;f;; = | + remninder
x L
2o T
Sinx
Example: j - o5z
U §'= sinx
= en(1-cosx)+c
q [ Lt o3x2-4x
(XﬂW‘ple : |‘( Sx -2 dx QXO"MP\C‘ ‘f x? _zz;+s
‘ 4 \—)f"s J \zf'=;x‘-1z
= ?[Cn(Sx~L)J| =[-£n(x3—21‘+5)]'
= [enS - en4)
= 5 [tms- Cm] z {w(-.%)

L
5

19
< tns

: 5€nb



histogram
- column graph without spaces

discrete data

ullin (1]
—i——
same width - tounted

- weasuvred e-9- weight, time, weight etc:

consider 17 oifferent weights (to nearest kq)
14, 88,75, 82, 60,75, §5, 65, 90, 69,75,70, 11, 65,88,12, 61

X a) P(M<80)
mass (M) | £ | relative £ | midpoints «—— estimate 39 + 411 +9/11+ '/
60¢x <65 I /17 625 2 12/ 4
6ssx <70 | 4 /17 617-5 b) P(715s M<0)
T0¢x <75 | 4 4/17 72-5 =3/1m + Y17+ 3/
. I
15¢x<80 | 3 3/17 779 = /17 P(15¢ M < §0)
g0¢x<85| | 19 82-5 ¢) P(15¢ M<cq0|M<30) =
P(M<80)
g85¢x<q0 | 3 317 81°5 3/17
W0¢x <95 | ‘13 92 -5 M+d1n+4)1+' N
' total:1  ==1 i 311 3 ‘
S Ty, w73
T /I-'
might only be d)P(Mm=g0) =0
givew these 2 columwng mMUSt be an intevval
A.FC’) \ﬂ:f(’)
A f(x)= asx<b
} ! > X DRV CRv
[ c d b

(- -]
M (mean) 2x - P(x) _wf x - P(x) dx

d
P(csxsd) = [ {00 ax
oye o0
probability = area wnder the curve  §*(varigmnce)|s (x-p)* - P(x) J(x_M)".p(x)dx
-00

b
also af flx)ox = | Jsp"mqfi
f(x) >0 for asx<b

e
mw P(x=e) = of fludx =0



L

“rolling a oice”

example: a wniform (RV gver the

]
v-a,K ASXLD
0 otherwise

pdf: P(x): {

inteyval 25x <10 /f‘ .
a) P(x<5) 15[-1 '
aka 25 ‘__f 10
Lgxz : ;/8 3
example: CRV below ,deteymine K if P(x2k |x>»3) =05
b) P(3¢x ¢ §)
“ x5 =5/ Va PlksXss) Y,
P(x23)
¢) P(x=5) '
:0 1 K ) ﬂg-k) ] ',’
a) p(x=5|3sx¢3) K lies between 324 W~ x
: P(3¢x<5) 5-k = |
5/8 L k= 4
= ‘g'xl 1/5
,/8
example : )( wn a CRV w/ pdf
flx) - ‘25 0¢x<5 d) P(zc<;)
—2- fx o
@) Sketch § a8 ]
Y 12 [ 0
' 27
* 26 [17] * 725
3
"5- e - . e - = - e.
_/5 N ) P(x21|xs€3)
s 26/125 28
2712~ 21
ﬂECX)
) vevify it ic a paf f) determine p % 5
3
Hﬂ’ ar :’ ;]; armumde; M= E(x "’s,g x,d"g
—_— - e cnrv 3 .
e, = \;5!:[1 0 =1 ozl
“Tas| | 1 v C 3xs
25x14
¢) P(1¢xs3) . 3x5 _ 15
3 4 q
-\—135' S x* do
'z . 3 6’ - I(z" 1) (lzs)"‘
: s ¥ [7"]. use cmcmmav /16
= % [27)-[41]
. b




example: pif £(x) is defived fov 0¢x <k and i sketthed below

1 o) determive k
] ]
: |' | 7 (k-1 =1
(g-1)x1 R
V2 | 'l : :—l-?- 2
() ) s 2
1 m k :
et b) define pdf
%) = X, 08xs\
fe {1, 1exs3
) ‘i(_.x"’”\,,mea
T2
example: f(x) : {Kx’, 0€x <4
0 ofheywise

a) determine k b) P(x<3|x>1)

K f‘,(’d,t : 1 | Pl1¢x ¢3)
g 4] PCX” 1)
3 \x 1 ' x3dx
at o B
w4" "1 f;‘ §, x3dx
64K =1 a3
© KT g s '{[x ].
ilxY])
81-1
256 -1
. 80
295

d) determine w1 Such that P(xsm) = /4

=7+ (m-1) (1)
L avea 0} m
lru’rlmgle
254 (m-1) s
3 \
H] —q' —z F3 W‘
s ms -l—‘ \
W = %/4

¢) P(x <w\)' % . detevmine w
- 2
f X dx - 3

salve om olasspad

. pos” prob-
-avea =1

eXample: +he life(x) in yrs ¢4 aw elecivonic componewt as pdf  fix)- -3 0 1)t

0€xg2
a) detevmine n' ) sketchf
solve: [0 7(x - l)J fk)= 3 3(x-1)" C)determine the wmedian
a3 o (x) =wmiddle .- 1 (symmedrical
%l . graph)

m
v ff(x)dx = 3 & Salve i §
0

d)calcniate themean $ sd fov X
. vay

€0c) =M= [Taf5-50c-0) dn

solve ow classpad - 1

2 )
7.:0[ (1—()‘[%'3(76-'J']dz
: /a5
s:d-= {as



consider a vandom continuous variable X with pdf (F(x)) for asxsb
if the randow variagle T= mX +n

m +n = constants
then E(T)=wmE(X)tn

same as DRV's
and vov(T) = m?*var(x)

example:
if A vandom vaviable X was p-d-f
flx) = —% , 0<xeq

deteymine M+ b (sd-) for X, wence calculate the wean * Sd- fov T if T=2x+5
~exact value

K

TE fs’(‘“) $= ‘—8-,-‘;—;—'- (2:351 3a-p)
-

E(T)= 159

sd(t)= 474



on calc

DRV's  x |°|'|2 veeall__x o] PD ¢+ x=
p(x=x) lo-1Jo3[o Pxex) Lot fo-al | Ch: x<
PCx)
CRV's

K
P(xsk)= fp(x)dx

a K b
2
/ < (when x=5
{ —% 0¢xsS | 3
txample: P(x)- otherwise :
1 5 r 'S
e« P(X$x)
n) deteymine ihe CDF (F(x»
Flxy= 2 (;dx piece -wise
K F(x) = 0 x<0
L L. xt 25 % 0sxes
2;5 2 1 x>5
] .
: 25 7 [x ] T since it is camulative
] 2
ek
b) P(x<3) | ¢) P(2¢x<3)
Sub x=3‘ into 35 * = F(3) - F(2
£(3) = —E-(z Y) : Y25 - 42
= 125 : 925

: /s



X 2 I—-wmakes it Symwmetrical
Pt l (5 M) : avea
f) = 5w S ., -oe<x < oo psmadsmds
— 2 Score
scnlmg Lmmnm— be POl L/bc\l shaped
w-\f co £ af (annot d
( akes avea - o0 ;
1) . :
4 ! .
If x i§ a vormal vaviab\e with meah M and sd- 6 ( w8 M+$
e X (1, 69 T
vaviance x-S M

it M=0 and %=1, then X is a stavndard novmal varingle i-e- Z~ n(0.1)

example: if Z~~N(0,1) deterwmine
)
finding avea t0 the 1e4t:
fn_fakt: lawev -9 ////
Norwm(D gpplev 1-96 -
[0 a6 VY lower u;pesv
20975 =0°242
X -M example: M $ W many s above the wmean
2= 3 test 1 65387 6331 I).-'M] 2, = 01578 viager - higher
YRW Scove test 2 68-427- 6619 13-13 ) 2, = 0°1698 — scove = furtner from WA

example: if X is novmal, X ~N(w00,25)

exawmple: if X~ N (120.20%)

calculare P(x<101) | Ot-wmethod @) determine k if P(x<k)=0-15 nvea \ack
calc 205793 1 po (2<9212%)  gn calc: inverse diStributiow \ Mttt
vmpev g S . . )
GWer -00 . oo L p=(z502) tail setting: teft
M= 100 D= 3 2132-5

1 M= 0 b) P(120-K <X<120+k)=01

1 vpper=0-2 ) pn()b=0'ﬂ ‘

! 05193 $220  120-k=81102 k=329

example: | X~N (M, 16), de\-evmmeu

if X220 =001 2= =

i-er P(22 :ai"‘) o0l
z
inverse, right (%) M= 1069
“;M = 2:3263

The marks (out of 100) for an Engineering Examination taken by 200 students may be
assumed to be normally distributed with mean 58 and standard deviation 14.2. Students with
marks two standard deviations above the mean are awarded “distinctions” while students with
marks two standard deviations below the mean are awarded “fails”.

(a) Find the number of “distinctions” and “fails” awarded.

(b) Find the probability that a student randomly chosen from this group is awarded a

distinction given that the student passed the examination.

(c) The top 0.5% of students are awarded “high distinctions”. Find the cut-off mark for the

award of a “high distinction”.

M=120  \20+k = upper
¢) P(WSsx¢k)=05
P(x<€Kk)=-P(x<i15)=0'S

P(xs K)=0-5+P(x<\\5) us

:y;-':e -ug = 040,zq invevse :

n=h20 psrobz:allq

P(x<k)= 090129 W= 120
:k=145-%

507. = pass



4

07 18 is the quantile such that 407. of Yhe diftribution is below +his value
W\ i-e- we sy % is the 0-4 quawniile
,// )
18

/

20



popuiation
papulation - all measuvements being Studied
Sample - Subset of the populntion
Sample

(nSider @ population of Students - survey of +he ways students get to school

popuintion (1200)
- covid survey al studewts (+o0 large)

sample (100)
tan be
randow ov  not random
- Simple vandom sampling | VOLUNTARY SAMPLE
(e-g- assign ang-to | - §0 ch website
Stwdents 3 vandom (bias)
WWber Geveratar)
(could be bviased) CONVENIEN(E SAMPLE
- stratified sample -survey {ivst 100 Stvoents
(e9 pur into grovpd who avrive at school (ki0s)
Y7, Yr§ etc)
(cowm\d also be biared)
- clusrev groups
(e-g- students in class)

to vemove bias, the sample veeds t¢ be as vandom as possible
VNDER (OVERAGE
- geeuvs whew wiewberS 0f the popuiation ave inadequately represented
e:Q- London (192b) pulled nawes from the phone book -vias -since poor people had no phone

NON- RESPONSE BIAS
- when yeople Chasen Ave wvwilling ov wnpble 0 parficipate
Q- Wil surveys -sent out put nor vecessarity vetvvned

(THERS



/7 1 triml

M3Ms define Bernaulli RV
o,° propavﬂow 0t biue M3 Ms \,7{ ', blue My=p=0b
o.° Y\ 0, wot blue ﬁy:JE(I—P)
opd yopulation parameter =N06(1-06)
popuiation (p) now X= 210 indeyendent trials of y
o sample propertion =10 (p) X wow vinowial
? = _;:_t—suuess{-ul My =np =10%06
. X w = Nup(1-p) = J10xg:6(1-06)
10
X
eg -'-— B 03 e e dﬂ lAh
‘llg =07. . -]WMM?
/\e witl tend towavds
a vevwial far wmgve
samyles
= Mv _n - - 6){ n -p) - -p)
U= = S =p 6$-T=_J ‘P’n‘"’ =J"v(\zp> =jPl'P
n P
mean of §ame propeviion= propartion itself
vwie 0f thumb:
nz3
if vp210 ¥ wv(1-p) 210 reduce ervay by tsample size

= veasonably good fit

situation: election
(andidate A vs  condidate B
what i§ the tikelinogd 0f A winhing the election?

Sampling - distyibWution of the sample propevtions fov
100 & normal

tase 1: pr0-54

what 1§ the probability that 6=u'54 id
wH-V\in 265 of p?

C4?

X 957/ of the avea i§ within 2 § of the mean 054z's-d 2s-d
there 5 a4 95/ provability that the gopulation
roportion (p) 1§ within 285 o new statistic: rem
e f P standard evrov 6= ”L—w
it we know that +his vaive i, then we | auihiea (55) Jm,
winld ve able to calculiate a confidence / estimatov JdT w0 %oeos
integral

we dov't know p but we can wie P cont- hext pg—



95/ confidence intevgral gvevy Fime new p
0:54-2%005 and 054 ¥2%005 = new (onfidence integral
0-44 0-64 sometimes p wilfall into it, sametimes it won't



