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CONTENT CHECKLIST (FROM TEXTBOOKS )
• differentiation
• applications of differentiation
• antidifferentiation

111%1%1.EE#n::mnotianmus/umiso calculus of trigonometric functions
o discrete random variables

0 bernoulli $ binomial distributions

• logarithmic functions
• calculus involving logarithmic functions
• continuous random variables

o the normal distribution

!IYm%Ip%p%¥ing { UN44



CHAIN RULE

Y = (2x - 1)
5

u=2× - I y= (2×2-3×512
.

.

. y
= U5 d¥× = 2

y
'

= I (2×2.3×542.14×-3)
(4×-3)

d# = JU4 =

212×2-3×1 "2

chain =
4×-3

i. day, = #y . d¥
- ¥aIh¥ ' rule 2 2×2 - 3x
✓ format

.
: dy
Ex = 5h

"
- z

dI=
10h

"

DX

trying to find %x not dYdx

10 (2×-1)
"

POWER RULE FOR CHAIN RULE

y= 12×-1154
y

'
= 5-(2×-1) ' 2

in general derivative
of function

if y= [ flx))
" inside bracket

then IT, =n[flx ) )
""

. f 't! )

y= T4-3XT

= (4-3×3)
'T

%×=I( 4-3×3)% . 1-9×2)

can simplify

= -3×44-3×3)

= -3×2 simplified to
(4-3×3)"'

←

positive indices

=
-3×2

V(4-3×3) '



PRODUCT RULE

y= flx) . glx )

¥7 = f
'
Ix )

. glx) +9 'Cx) . flx)

EXAMPLE

y= 3×442×11 'D chained""
t

y
'
= 6×(2×+1)

'
+3×2.312×+1 )

'

(2)
'
' '-

= by the
IT

= 6×(2×+1) 212×+1+3×3 ← factored

y
'
= 6×(2×+1)

'

(5×+1)

EXAMPLE 2

YY5H)l3x
'
- 1)

= K¥152 (3×5-1)
chain frule

y
'
= Else -11 )

- "'
13×2 - 1) +I I6K)

3×2 - I

Fi
+ 6X" × 21×+1 ) 't

1 × 21×+1142

( ( D= 21×+1+µz = 15×2

3×2 - I + 12×1×+1 )

2 (Kt 1)
"2

=

15×2+12×-1

25¥



QUOTIENT RULE

f- (x )
D=

off = glx) - fix ) - flx ) -94×1
DX

[ glx))
'

EXAMPLE

* ¥Yg m.no:
'

method I - I

not f g

y
'

= ( I-742×-1×2+1 )C-1 ) quotient

( I -xp
rule)

' H' + 1) ( I - x )
"

simplify : use product rule instead

y
'
=

27C -2×4×2+1
Y

'
= 2×11 -X)

- '
+ 1×41 ) f- Ill- x) -2ft ) )

( I -xp simplify
: ✓

( IXX)
= -1

=
IT2X-7CZ I

+
12+1

( I -742 ( I-74×11 - X) ( I -742 LCD = ( I -x )
'

2×(1-2)
wer

+i
.

=
2X-2X4x

( I - × )2

= IT2z
( I - >c)

2



SIGN TEST
note :

may be asked for t.porp.ci
to test for a turning point :

y
"
s 0 → MAX

at x=Xo

y
"

> 0 → min

P01 (POINTS OF INFLECTION )
when y

' '
= 0

i - e either oblique or horizontal
[ most common

EXAMPLE
y = a)C4-1BX

's
- ×
'
+ 1 substitution or

has an inflection point @ 11
,
-41 elimination

determine a + b 6a+3b=I .

'

.

'% + b = -4

elimination b=
- Iz

- '73

y
'

= 49×3+36×2 - 2x -39-36=12

y
' '
= 129×2+66×-2 39 = 13

=
- ¥3

y
' '

= 0 @ x= I 9=13/3
i.e 0=129 + 6b - 2 substitution

4=-4 when × =/ a = -4 -b

i. e - 4 = atb 7 sub into 169+36=1 )

.
: atb = -4 61-4 -b) +36=1

- 24-66+36=1
-25=36

D= -25/3



SUMMARY
dy
d-×

= 0 @t.ps

d¥f, = 0 @ PO1 (points of inflection)

- a curve is always concave down if da¥. so

I a curve is always concave up if dd > 0

- if IT, = 0 and doff. = 0
,
then a possible horizontal pot may exist

↳ sign test to confirm
↳ could be tip



RATES OF CHANGE

Is, = the rate of change of y with respect to ×

bit if p = 3Q
ZQ2 - 3

¥6 = the rate of change of P with respect to Q

ACCELERATION
rectilinear motion v=I (derivative w/ respect to time)
- movement in a straight line a = I like saying f

''It ) )
x = f- It) - displacement
✓ = f- ' It) - velocity
a=fIfH - acceleration

a-- dat Cult)
ask.ci I

dt



OPTIMISATION

-

a) L=V42xYtf c) volume = ?

= 13K V=390×131500-60×1=1010×450-6k )
b) all edges = 500cm = 100×450-6×1
500 =3 W + 21127C) + ZL5X) +24 take 2 out

500 = 3W + 60K 113k ' 200 125×2-34)
3W = 500 - box

W =

'

31500 -60k)

d) maximise volume
✓ = 200k (25×2-3×3)

① differentiate ④
dYd×= 200 (50×-9×2)

② make = 0

0=20015×-9×2 ) continue working
0=(5×-9×2) answer

i. e. ¥150 -9×1=0
real life , × :O makes no sense

× =

9
means

③ second derivative 'for all
'

d-V

DI
= 200150-18×1 so ¥,

for all × positive
values

(negative makes
no sense in this

context )



example 2 :

a closed cylinder is to have a volume of 10241T im
'

. find its radius if
a minimum amount of sheet metal is to be used in its construction

•← r→

\ V = 1024hm
'

G7
2TH .

'4¥ + 21TH

/ A = 21T th + 21T r
'

= 21T
'

+ 21172

V = Tv 'h A = 21T (
'

II + r ')
i. '

II ¥ :
no

- 1024 + ZV3 = 0

ZR3 = 1024
✓
3 = 512
r = g ←

does this

give a min ?

(test w/ f ' ' Ix) )
D2A
DT2 = 21T ( 20024)

> 0 V positive ,
73

+ 2)

.

: minimum

f-8cm for min surface area

example 3 :
.

a triangle is inscribed in a semicircle of radius 20cm so that one side is along
the diameter . find the dimensions to maxim i

.,
① area of ma;gI! got

the triangle

I X Y y ② 40
'
= ×'t y

'

I

/ IT

> 17 40cm f-

( Y = 402 - × 2

make it is
③ sub into each other :

so tbh i. I "Y
A = Ex J4F-7CT

= I × ( 402 - × 2)
'12 × (402-42)"

④ find dAIdx W1 product rule , i. e. 1402
- x
'

)
"

=

(402 - × 2)
'12

'

⇒
iii.iii."""if :÷÷÷i¥= IC40 ' -× ')
"
- I × ' (402 - x2 )

-%
× = TF40

= 0 When I 1402 -× ' )
"'
- I xl (402 -xy

""
:O × = VI00L

÷ I 140×2 -× 2)
"L - ×

' (402 - × 2)
-K

= 0 = 10.252

x=2④



notes from the textbook - differentiation (ch1)
THE PRODUCT RULE
y = flx ) x glx )

then

dYd× = glx ) f ' IK ) + FH1 9YX)

alternatively , you can use it and V to represent flx ) and gcse)
y = uv

then
dyldx = v off, + u ¥

THE QUOTIENT RULE

y= I where u and v are functions of ×
then

¥, =

" Ix - u Ex
y
2

CHAIN RULE

4=3×2+4 , dy/d× = 67C

however
, suppose we aren't given y directly in terms of x but instead are given y

in terms of another variable e. g. u which is in terms of x

if y - flu) and u=glx) then dttdx = %u off,
example :

Y = 44 + 3 U = ×
' -4

data = 4 ¥× = 2K

dy
tax = (4) (2x)

= 8K

POINTS TO NOTE
if y

= fflx ))
"

then

dY/dx = nfflx) )
""

f
'

(x)



notes from the textbook - applications of differentiation (ch2)
EXAMINING THE SECOND DERIVATIVE
points of inflection :

^
FIX )

zero
91k)

÷÷!
this allows a sketch of f-

'

IK) and g.lk) to be drawn :

zero points
NOTES

on flu)
- when f

"

(x ) ( 0 then f- (x )
become ×

= concave down
intercepts

, n
- when f

" (x ) 70 then f- IN↳ = concave up
1
points of inflection

- at all the points of inflection ,

become turning
points f

' '

(x) = 0

(but f- " 1×1=0 doesn't necessarily
mean its a pot )

and also f
' '

(x)

n
L V

LOCATING T. Ps + P01 RATES OF CHANGE
- to determine nature : V = volume

↳ sign test (gradient on either side ) t - time

↳ f " Ix) then It = the change of volume
↳ y

"
s o → max with respect to time

'→ y
"

> 0 → min
at X=Xo

↳ y
"
= 0 → must use sign test ACCELERATION

to determine if displacement is xfflt ))
the velocity as a function of time is

D0T NOTATION given by : v=dI
often dYIdt = if dt

and
d.Yldt' = ij displacement} and It = acceleration

"
"III! iii. iii. derivatives
a direction -

Accel dt'





SMALL CHANGES
lowercase
delta t

←
small change

⑨ = fim the th ) - f IK )
µ guy

in y

DX h -70 h SK
[ small change

in x

dy
sy I a-x.sk ← increments formula/ (small change

incremental formula← formula )

(on formula sheet)

EXAMPLE
if the height of a triangle changes from h= 4cm to h= 4.1cm Is b-- 2h

b- 2h I A= ¥ = THE
"

= h
'

1 .

'

. A = hZ
1h the small
i

m

change
n

8A = 2h 8h a. I - a) in area as h goes from

CM2
✓

change
1- 2h -1 = 2 (4) 10.1 ) 4 → 4.1cm

8A = 0-8 (small change in A for small change
in h )

÷ is same as a surface
EXAMPLE 2 p area

determine the approximate percentage error in the volume and SA of
a sphere of radius 4cm , corresponding to an error of It in its radius

volume of sphere surface area

f- 4Cmy 'haYo9 he SA -_ 41Th
V= ¥ Tr '

× too = % change 8 A = d£ ' St

SV = off - Sr in V 8A = 81Th . Sr-
3 100 X

SV = 4Mt
'
' St 4 ÷ 4T¥

woxE=*rigo.gi.gg#nis*I × #¥ '

too x I = 4¥, 1¥, xioo = I

= 3 ¥ × 100 ← makes

T
it i.

It. 1in Qu )
i. e. 0.01×100

= I

= 3×1

JV = 31
II. change in volume
(it radius has error of it .
volume has error of 31 . I



MARGINAL VALUE
if CK1 is the cost associated with producing × items then c.

'

Ix) is the

marginal list
i. e. the cost of producing 1 more item when xo have been produced

USING INCREMENTAL FORMULA
8C I C. (x ) Sx where SX = I

× = Xo

EXAMPLE IQ10 small changes worksheet )
a closed cylinder 10cm long has a cross-sectional radius of 2cm .

Use

derivatives to find the approx . error in the volume of the cylinder
corresponding to an error of
(a) oicm in measurement of length

(a) -ZI
,

V= Ttr ' h

E- Kim = IT14 ) x
I t SV1 4TI.sk
10cm

= 41710.1 )
I inthfidfbeedi.nl?--o.4iTcm '

has the error

(b) . r-

y
V -- Tir ' h

10cm
' Nt 410 )

I V = 10 IT r
'

SV I 20TH -St
8r= 0.05 SV = 201712) - 10.05 )

= 21T cm

}

EXAMPLE 2 IQ9 small changes worksheet ) @Hh
use derivatives to find the approximate change in the curved surface area of
a cone of height 10cm corresponding to a change in its base radius 3cm -73.02cm

! s { im I. Formula with r 's only
I need expression for s in
① 3cm - terms of r

s =It
.

-

. A = TIRVIOOTTZ
St = 0-02 t product rule

d£ = IT Vl0OF + IT v. ICIOO + r
' )

- '"
(4)

SA A d£ . sr I o.az

= FTIVIOOTT + TIRE foot r ' )
'

12h) 10.02 )
2

= 0.71 Im



EXAMPLE 3 IQ15 small changes worksheets
the period of oscillation of a pendulum of length L

,
is given by T= LIT tfg ,

where

q is a constant . Find the approximate percentage change in T corresponding to
a 51 . drop in the length of the pendulum . Find the approximate f. change
in L corresponding to a 21 . increase in the period of oscillation

T=2TIFg
= in ,mI II.

Ii" si

igh
T =

. L
- "'
fl

4=30%2 100×81 =
IT l
" "

Y
'=2x③x

T (Tg )
Y=3x

"

= ,

8h "00 Trig
"

÷2Ifg
y

'
-

- ③Ex
- "'

Ii
' "

×
#

= I I × 100)
=

F9 2# LY2

= I f. 54
5% drop = L

' 12 (
' 'e. {

I

= - 2- 51.
= 2T

.

'

.
2- 51 . decrease

1100
T

) = I 1¥ xioo)
+ finding this

1 = I ( )
4. change
in T

.

: 4% increase in L

(period)

i. ÷ : ;D



EXAMPLE 4 IQ11 small changes worksheet )

Bar

t.hr ÷
4- 1am -1 x

( changes from
2-72.01 )

similar triangles
I = III. h=2l%

h= 2 t ¥
sh -

- h 's
±o

their
= -2¥ 10.01 ) ways

= to-05M



ANTIDIFFERENTIATION ( INTEGRATION )

NO PRODUCT
,
IHAIN OR QUOTIENT RULE ! !

EXAMPLE 1
it dy experiment :
q,

= Y = ?

y= xs

Y '
II

+ ,

dHdx:S

20

EXAMPLE 2 -3

it dyldx = IT, y :-X + c

-4 3
= ×

EXAMPLE 3
it dyldx =p, y= ?

= ×
'

12

y=
+ c

3/2 [ same as × by 43

= § ×% + c

find ,EinI%YpYto ×
1J
these
MUST
match

= xht
'

✓ indefinite
+ C

,

ht -1 integrals
I can't ÷ by 0

integrate the following

①III. dx ② f×; dx ③ future )¥y
-can put¥fdI constants outside fx -

' T7C-3DX f 1+45×+41 DX
rx of the integral

2

task"dx + to =x + + ¥ to

3/2

=z¥Ex " t c +
4×2

= I ×
"'

+ c
- I - ¥ , + C = × + 4 } x"

=
+ C

= × + § ×
"' +2×2 + c



/ (3×+7)
'

DX flax + b)
"
DX

=
13×+718 -1C = ( axtb )

" ' '

+ ,

3×-8 a Intl )

= (3kt 7)
8

-24
+ c

ON CLASSPAD
math 2 keyboard

J8-0DO
e.g.) { 13×+7 )'dx = 13×+718
put on standard

"

for exact value * call doesn't add
a Hc ) @ the end #



RULE 2

[ y= fflx ) )
htt

faffed' ntisfflx ))
"

.tk/dx)fdaIxwforgypectY=lhti)/Iflx))n.fIbc,dx= same as
'

y
'

HI
" '

-
- Intiistfixinfyxidx It¥gYa¥In%d%aY""

I fflx ) ) " ftw) dx= IHN )
" "

+ c- the rule
in -11

EXAMPLE Irn

{ 3×1×44 )
'
dx

÷
-

'

2- ffx ' -1415.2k dx = I ¥46 + C

2×1=4-6-2
= I,1( x 't 4)

6
+ c

EXAMPLE 2 EXAMPLE 3
b) fx ( I - xi )

'

DX 15×213+2×3)
"
DX

= IT
If 'lx)

1) ( i -xD
'

113+2×3)
"

. 16¥ )

- IS It - x
'

)
'

-2k dx 5/13+2×3 ) " 6K ' DX
to integrate 6-

=
-Ill -x ')8 + c =¥( 3+2×3 )5
-8 g-

+ C

=

=
(3+2×3) '

g-
t C

EXAMPLE 5
3C )

EXAMPLE 4 Iv,+" dx

3b ) f-3XVl dx 111+2×4
- "
2.3k - DX

-

4/11 -xD "' . -3k dx f) 11+2×2 )
""

4K .dk

¥54 - x
')
"' dx 4%11-12×4

"
+1

I want a 2 here

IT - If I1-7CZ )
"'

.

- 2x dx I 11-12×2 )
"'
to

Ill 't )"
'

'
= Ill -xY'" to



DEFINITE INTEGRALS
SO far :

)× " dx { bflxldk = value

digression y
n .

-

^

y.int 74--2×+3 ' '
- Tbh

,

- y=×2 + ×

I '
a

A--
'II "

Y ar?" = 18 units
'

<
t
1- z→

I
7 a • I 1 I 7K

✓ I 2 3

y
'
- 2×+1 = 0

"

y 16,3,
trapeziums x=

-
'

Ii

A- = 1+4-19 = 14

exalt = 13.5 Iv

rectangles n
't

inscribed : 0+2+6 =s Y%YIIIIII,
circumscribed : 2+6+12 = 18

- inscribed
rectangle

< • I 1 I 7k
18+8=26 ÷ 2 = 13

v I 2 3

if we increase the number of rectangles ,
the accuracy improves

⇐ ,

thieves"h7¥nI"aIeIu%oYI1% thewidthsmaiiireanusman ,

the sum of the

it , gb
rectangles isn't shown by E

" afbflx ) dx = Fcb ) - Fla )

F-- anti derivative off

EXAMPLE I
}

of × 'txdX = ( ¥
'

+ ¥ )! [ for definite integrals ,don't need tc (would minus

= ¥ + ¥ . ( ¥ + %)
each other )

= 9+1
=
27

2- = 13-5



EXAMPLE 2
determine the area bounded by the function f- 9-x

'

and the x-axis

goes thru ±3 my
- 9

. "
÷:÷:

3 [ symmetrical .

'

. X2 -same
as it
between

verify w/ -35
'

v
= 219k - ¥ ) ! -3-73

A- fax - ¥1 ' 2127-9-1011
= (27-9-(-27+9)) =L

[181--154-18]A 36

A -36 i. same

ny
EXAMPLE 3 DOESN'T WORK - JUST TO SHOW

y= xlx
-1) (x - 2) 4=1×2 - x ) (x - 2)

7

IYd"if µ a =x
'
-3×2+4

or Thu
v

A -052×3 -3×1+2×1 dx
↳ is ( normal ) v

✓
put - to oppose

= 1¥ - I -1×2 ) ;
negative area

A- of 'x3 -3×2+21 - DX - 1/2×3 -3×2+21 .dk = 4-8+4
= 0 ← area isn't 0 .

'

.

= (¥
'

- xix
' ) ; - I -x

'
-1×2 ) ? doesn't work

✓
subbed

+
subbed I in ( clearly not zero)

z in Hop) (bottom)

= HH4H - 1*-81 - It# 1)
- -

= ¥ + It = I

0h calculator

#
①

Odo useatfsolute value ,
of
'

1×3-3×42×1 DX
of
'

×
'

-3×2+21 DX
= 0.5 or I

= 0 .

'

. wrong
i. correct



AREAS BETWEEN 2 FUNCTIONS

^

g

A.
avg.ta.fi?gIitgnmaaaIaneI

EXAMPLE
y=x

'

y
-

- 2x determine area bounded by two functions

intersect when ×
'
=2× A- of '2X - X

'
DX if doing 2-70

,

×
'
- 2K = 0 would get -4/3 but

x. ( x - 2) = 0 = 1×2 - ¥ ] ! can change the
i. K¥0 I K52 sign

= 4- §

= ¥ units
'



RECTILINEAR MOTION (WITH INTEGRATION )

QIO EX31 need expression for velocity
initially @ 0 (origin )
E- 0

,
1=0

,
v= 14 a -- 3T - It

KS3E -11 At
A- L3E-1II

= 3¥ -

lIttl@t-O.VI14

.

'

. 1=14

.

'

. v= 3¥ - 11ft 14

need v. next time @ origin
-
i need displacement ( = too ) 7 next @ 0 is when x=o

* =/ 3¥ - lit +14 dt o= ¥ - +14T

= ""

*
:

E- 0 ,
K=O

.

'

. 4=0 initially

.
:X = ¥ - +14T ti- Itt -128=0

It - 4) ( t - 7) = 0
⇐ 4 ± t*

c. looking for
next time

314 )
'

E- 4 V= T
- 11 (4) + 14

= 24 - 44 + 14

= - 6 m/s

0115 EX36

maths for
"

fun
"

v= 53T -12 dt

= It + It + C
,

a-- 3T -12

when t :O
,
v 70

X = ¥ + t
'
+ C

, t t Cz

in 4th see lie . between 3+4 ) x (3) = ¥+9 +3C
,

+ Li
travels 30M

K14 ) = + 16 + 4C ,
+ C2

then find c
, r

difference =

30×14) - K13 ) = 30I:* : %



properties off
① a)

"

flat die = -

,
/
"

flat DX

②
a
f
'

flxldx =

a
fbf INDX tbf 't be) dx



AREA UNDER A CURVE (TEXTBOOK NOTES )

my

n✓J=flx)

/ f- arefheutfdfre✓
a b %) you ,+ the squares ,

^

y :X
'

17 squares

1-
= 0.34 units

'- '

area of the strips
'

>
i.e circumscribe $ inscribe

1 overestimate $ underestimate

to find area under flx ) from
"

pIIn Into strips of sx Tf
I 1
I X=b

= lgsiffo [ flxlsx
I f) IHN! x=a

I writes as :
→ IK
sx afbflx ) DX

STEPS TO EVALUATE

afbflxldx EXAMPLE

①Yatnifittmt¥¥fI¥µw respect to x ¥ ii."
"

I
'

② sub b into answer from ① I
'

③ sub a into answer from① I 1

\
I

④ calculate : (② -③ ) I 3

i.e. afbf ' lxldx = flbttla)
area of trapezium = 2 ( 'II )

= 14 units
'

calculus

area =
,
512kt 3) DX

= [K21-3XI
= (32+313)) - (12+361) )

= 14 units
'



>

y=x
'

LIMIT AS EXTENDS
TO ZERO

area =

,
52×3 dx x=b✓ =L

' Eat sx

✓ I 2 =
- 1¥

=3 -75 units
'



DISPLACEMENT AS AREA UNDER CURVE

÷
| 1

displacement : Sabvcttdt

> t



DIFFERENTIATION ( EXPONENTIAL)
X FCK )

y=e y=e i. off = off - off
12.718 let u - flat

du

if y=e
"

d-×
= f 't"

=p
"

- fyx )
dy x

. :y=e
"

Tdc
= '

dy u .

'

. I = et" ' . fyx ,
dq=e DX

EXAMPLE 1 if y= e.
thing

×
' +2K

f- e

y
'
= ethinox derivative ( thing )

yi=e
" ""

. 12×+21
EXAMPLE 3

EXAMPLE 2
y= I can be a 'e

""

4=1×44
") e

"

Y' = 2×e
"

+ ×
2. e'

"

( z ) y
' =L
"
.LK - K

'
. Ze
"

y
'
- We

-2"
-1×2 .e -2×1.2 )

1 product rule ( e ")
'

=
z×

[ anotientruie Ex
- 2¥

Zxe
"' ( I - x ) = 2×-2×2

e.
4"

e.
2 "

=
2×(1-1)

= 2×11 - x )

@
27C

f.
22C

EXAMPLE - 613 U3
Q33 y=5e

"
@ ( 0,5 ) equation

Y - 5=101×-0 ) y
-

y , = MIX
- X

,
)

y '=5e"
c. 2 4=10×+5

= 10 @
2"

Y' /
,

10111

= 10



INTEGRATION (EXPONENTIAL )
it I = e

" fetlxlfyx ,d×
EXAMPLE I

DX
the ) Ife "3dx

y = fe
"

DX = e + c
sx

= Is e + I
= e
"
+ c

EXAMPLE 2

Ife "Ix dx variable part
2 has to be in

= f e
"
+ c

the integral
( can fiddle
around w/
the constants )

y

ET
;II...ertei%Y? ¥;% .]

( 0,11 .

×

< 7h 1=0

Y=e° =/
( 0,1)



EXPONENTIAL FUNCTION (TEXTBOOK NOTES)
2.71828

if the rate was 7g. per annum
if y=e

"
then If = ex

w/ continuous compounding : if y=et"" then by the chain rule ¥f=f'Wet""
$PX12 -7182810.07

after 2 years :

$P× 12.7182840
' "

MORE ON GROWTH + DECAY
this number of 2.71828 came from if Aekt then It = kAekt
consideration of :nqyyµ , f) dY

i. e. It
= ky

1 this is equal
ii. e' =L-71828 to e in functions of the form y=Aekt , the rate of

change of y with respect to t is proportional
GROWTH + DECAY to y itself

kt
A-Are constant 1 describes why functions in the form
I Tiniatmiglunt D= Ae

" describe growth or decay
amount
present @
time t any growth or decay situation in which population

proportional to the population itself
INTEGRATING

i.e. ftp.kp can be shown by p= poektEXPONENTIAL FUNCTIONS an equation :

where Po is the
if y=e

"

then % = e
"

population

@t-othnsfexdx.er+ ,
in terms of × and y

also if y - et
""

, we let u= fix,
it If = ky then y=yoek" where Do is the

value of y when × :O
and so y=e

"

then by the chain rule :

1,1=11×1,7
= e
"
x f

'
1×1

= f 't >c) eflx
)

ft ' lxlet
""
dx

= et"" + c



GROWTH + DELAY USING e FUNCTION
for EX 6C

n

let y = Aekt

then It = Aekt . k qH
.
:
dY

' ,

It
= KAEKT

✓

sub y
-
- Ae
"

day, & y

so I dy
At

= KY then It = ky

for any function of the form y=Aekt , the rate of change with respect to t is
proportional to itself p

^ I

hence
, if d¥ = KP then p= Poekt ,

'

t initial value 4=0 ) r

( P - intercept ) -

-
• Po

< > t

k > I increasing (growth )
v Kcl decreasing ( decay)

EXAMPLES FROM U3 TEXTBOOK pgk8 -129

rate :

91 . 009

decaying

= 165gm left



TRIG

basics :

if sink if y
-
- iosx . : if y - lions Ithing )

y cosx y' = -sink
then y

'

: .SI/thin9I.(derivative of thing )
what if : let u=3x

✓
chain

f-sintsxlfsy-sinui.ru/ey'--3iosl3NdaYf--daIu-dhfT
= cosy . µ

Shb it :X

=C0S(3,443
back in

=3 costs) EXAMPLE 3

Y=e"' sinlzx) y
y
' of sinful

EXAMPLE derivative of use product rule -
4=(051-3×2) (-3×2) y

'
: ZE2X - sin 13×1 te

"
' 10513×1.3

Y' = - Sint-3×4 - I-6¥
= bxsinl-3×4 EXAMPLE 4

Y =
2e
"
'

EXAMPLE 2
µze2x

? costa ')

f- since
" ) use quotient rule

y
'
: Coste") - I4E" ) y

'
' Costa ' ) - 2e

"
- 2x - 2e"

'
' fsinlxyl.lk)

( Costa))
'

,\
cos x x cos ×

INTEGRATION OF TRIG FUNCTIONS
= cos

.sc/sinxdx=-cosx-ic/iosxdx=sinx+cDOESN'T WORK - DON'T DO THIS in general :

fcoslx ')dx I
' int""

+ c ✓
this has to be

EXAMPLE 2x fiasco,,d,
"near

/ cos Zxdk
=

sinlax)
+ C

= Isin ZXTC a

recall : EXAMPLE =

tasinlaxltcffflnlj.ftxldxfsinlx.cosxdx.HN
) )
" "

+ ,

htt

RECALL [fix ))
""

+ C

{ [ flu ) )
"

.fi/x)dx=ntI

EXAMPLE

Isin 't - cosxdx =

sin
' "

+ ,
3

↳
sin'll

=4inx )
'



FUNDAMENTAL THEOREM
Y DEFINE

tht Abc) 5
"

flt) At✓
9- Htt
-

Inch
H" / UPPER -1 LOWER RECTANGLES

a sixth# to -a Enviable h - flk) CA1X-1HI - Abc ) Ch ' flxth )

tfixed point point lower upper

= A1K-1HI - AIX ) Y
upper

fttIInaty-ftfom.ca/=f%eaIII1rettnn9Ytn-ij--
Htt
-

Inch
THEN LIMIT t iashfendeezteh' HH /
ash -70 ) theorem

'

n t
- t

G X X th

flx) c A' IN CF1X ) (
lower rectangle

I 1

same i. implies that then ÷h

A- ' IK ) = flx) = ffx) ,
Al×+h) -ACK)

( ffxth )

i.edu/Ilttdt=flx )
"

+
definition of

T a derivative
derivative ( same as A '

RESULT OF FIRST FUNDAMENTAL THEOREM

NOW INTEGRATE
A- ' 1×1 = flx)

( Afk ) = Hxltc ( where FIX )= fflx ) )
[ with respect
to ×

✓ beginning point riotherend '

at t=a at t=b

Hat - Hatti Alb) - Hb) - Flat ydaetdiefiitniffetiffegi.at
0 = Flat -1C

- :( = - Fla )
afbflttdt = Fcb) - Fla)

1 from definition
- : A 1×1 = FIX) - Flat above

RESULT OF SECOND FUNDAMENTAL THEOREM

EXAMPLE EXAMPLE 2 EXAMPLE 3

# f
"

t
' -13 at £7,1

"

et
'

dt
FIX)= :S

"

et -15 dt

I find Max .

x
'

F' (x) = e
"
t 5

= 12+3 = e

set = to 0



DRV 's

DRV = discrete random variable

discrete = we count linteger)
random = no bias

variable -_ must have more than

1 outcome

consider tossing 3 fair coins

H -

HHH suppose we are interested in the variable # of heads
H
,

HHT obtained in 3 tosses

H µ
HTH

T
,

HTT 8 combos 0,1 , 2,3 heads (X )
H H THH

T T THT × 0 I 2 3

1-
H TTH plX=x) I } Is / IT TTT -

CONDITION FOR DRV 's
PK01

''""I#2)
HK31

- outcomes (x ) must be OR A cumulative distribution table
discrete

- Outcomes must be X 0 I 2 3

random 7

- PIX :X )zo PIXEX ) I £ j I

- EP1X - K ) = I PIx=o)
+ PIXIII

WHICH ARE DRV 'S ? DRV 'S BY RULES
① K 0 I 3 5

X pl×=× ) = { K14
- K ) ,k=l , 2,3

plx=x ) on 040.5 0
,
otherwise

× I 2 3 } from plugging
× into K14 - x )¥

o
! {go.FI [= ,✓ plx=x ) 3k 2k kz= ,

③ × -3 ✓ ① DRV ? yes i. 2=1

pf×=x ) 0.6 I } I. I 2=1 ②i. 6k = I. find K :

K= 'T
③ fill out table using K

± : I
a) PIX is odd ) = I + to = I = }
b) PIX 72 ) = I + I = I = I

←given that

c) P1K-3IX 721=462%+46 = %
= I × 2 = I = I



EXPECTED VALUE + VARIANCE

counting the # of birds on a fence in a day

x f PfX=x )
I 3 3120

2 7 7/20
3 5 5/20
4 I ' 120
5 4 4/20

aff ? 20 1

average no
. of birds :

(1×3) + (2×7)+(3×5) ' (4×1)+(5×4)
= 2.8 birds

20

I = Else ) :(1×1) + (2×1)+(3×54) + (4×17)+(5×17)
T f ' 28

mean = 2- x. plx) =p
expected
value of x

also : var 1×1=2 be - µ )
'

Plx )

x Cx - M )
'

PIX :X )

I 11 - I. 8)
' 3/20

2 (2-28) ' 7/20
3 (3-2-8) ' 5/20
4 (4-2.8)

'
'120

5 (5-2.8)
' 4/20

Yank 4}
E) + to .b9×E)Yoo4x E) + Linx 1+4.84×54 )

= standard
5. d. = 8 = 1.76

deviation
'

=L-33

VARIXI = EIX ' ) - IE1X) )
'

× PlX=x )

I 3/20

2 7/20
3 5/20
4 '120
5 4/20

VARIX) - fix E) +124¥ ) + (32×54)+144 I +154% ) - 2.82

g.d.
= 10.15 + 1.4+2.25+0-8 + 5) - 2.82

= 1.76

.

:&
= F76 = I. 33



DISCRETE UNIFORM DISTRIBUTION

e. g. rolling a fair die . X - value of die face

× I 2 3 4 5 6

P1K-7CI f f f f
'

, I

graphically :

↳ I • • a • • •

in general

> I

ECX)= 1×1+2×6 + 3xf +4×1+5×1 + 6xf Th
-

= 3.5

var(XI=E(x - A)
'

xplx )
= 2.916

graph + table table )
list 1 list 2 0k - standard I 2 344 . . . .

-

n

' l' 6666 deviation 3.5

2 1.6666 ECX ) : Ixxtn shape on calc :

3 16666 x=I median o

4 1.6666 210 )
5 I. 6666

= h
0=0

2

pm
" "

.

.

.

"
6 1.6666 E. lxxtn )

VARIX) : Elk ') - M
'

x. I

= put - I I .n¥

hit the 'simp' button to simplify
=
H2 - I

12 standard deviation
is rot variance



LINEAR CHANGES

consider
06 . .

X I 3 5
-

P(X=x) 0-2 g. 6 g. z
02 - • .

I
' '

z

' '

s

ELX ) :38=1.2649/4%4

if 4=11+2 ( change of origin )
symmetry

Y 3 5 7 06 -

.

.

'

. ECY)=5

PlY=y) 0.2 0-6 0.2 o.cl
-

EIY ) = 5 o 't - . .

8=1.2649 ' '

j '

f
'

f '

l'spread
'

Lsd .)

if W=2X lchange of scale)

w 2 6 10

P(W=w) 0.2 0-6 0.2

Eg!WI=6 ( original 8×2 )
211.2649)

= 2.5298

summary :

data mean s.cl .

X M S

Xtc Mtc 8

KX KM IKIXS
kxtc KMTC Iklxs

[ absolute value

Ioannot have - s.cl . )



BINOMIAL DISTRIBUTION (DISCRETE)

Bernoulli trial
- a single event Ioutcome and it is either a successor failure 12 outcomes)
- probability of success must remain constant

EXAMPLE in general :

tossing a coin once X : a head if Plsuccess) =p
× 0 1 then Pffailhre) = I - P

PlX=x) 0.5 0.5 ELX ) =P

EIX) = (0×05)+(1×0.5)
VATLX)= P11 - p)

= 0.5

Vat (X) : 0×0.5+12×0.5 - 10.5)
'

= 0.25

5. d- = 0-5

now toss coin 3 times :

( repeated Bernoulli trials)
* independent events

x 0 I 2 3

←
(3)(f)

'

(E)
°

now repeating a Bernoulli trial n times

PH⇒4 I £ Is
,
I with a probability of success pffailnrell.pl )

^ Petain l is called a Binomial distribution

HHH ¥11If (3) It ) ' II )
'

i.e.pcx-xs.tk/p'
'

Ii - p)
""

HHT
Nhead)

HTH ~ ELX)=M=hP
HTT (7) A)

'

II )
'

varlxlt-npll.pl
TTT

THT notation :

THH X~Binln.pl
TTH

n [ probability( no . of success
of trials

EXAMPLE ON ONE NOTE
X - Bin In , 0.61 ON CALL
i.e. Bin 110,06 ) stats

a) PIX > 6) = PIX 77 ) call → distribution

b) M =nP binomial PD or CD

VARIX ) - HPII - P) t '

lcumnlative
single (more than 1)

(415 )
'

= nloibllo.cl ) event

tower : 7

A- 40
(
upper : 10 then hit next

.

'

. M
-

- 40/0-6 ) numtriali.IO → gives probability
= 24 pos :O -6

c) 11110 - 6)
"

10410=0.01 '

probability
0-6 " =o -01 of success

--9.015

19



LOGARITHMS

if 2
"
=/ 6 What if 2

"
= 15 ? on classpad scientific :

2
"
=L " I must lie between 3 and 4 keyboard : 109,0 log → base to

☐

✗ = 4 by calc : 1=3.91 12 d. p) 109 ,o(D) In → base e☐
4--109<16

we say that ✗ is the logarithm to the base 2 of 15

2
"
= 15 i.e- 1=109215

T
base I base

ie . approx 3.91=109,15

i. e. 4 is the number 2 must be raised to
,
to give 16

positive ( a > o)

if it "=b then 1=109 ab
indicia \ / logarithmic
form on formula

form

sheet

COMMON LOGS LAWS OF LOGS a- base

- base 10 109,0100 ① 109am = 109am + 109am
notation : 109 ,oX =L 1101=100) ② toga (E.) = 109am - logan

: IO9X 109,0 To ③ toga (Mk) : K 109am
= - I 110

"
= To )

EXAMPLES
indicia form =D

"
= f logarithmic form : F- =

1092,81

logarithmic = n= logdf indicia / = 274/3=81

write in the form login "¥109 ⑧ '

%%- = 1%1%-2
✓
3rd law

① 1098 + 1093 = log 24<-8×3

② 31092 = 10923 =/ OG8
= 1%13-3-2 = I

③ 2 + 1093 = 109100 + 1093
[ 1020--100

= 109304101--100
④ 1- 1092 = 10910

-

1092
=

log ¥
= log 5 ✓

2×4×6

⑤ 1092+1094+1096 = 10948
⑥ 109125 +10932 - 109£

= log /
' 25×3-216×5)
2-

=

10g (125×16×5)
= 1091100001
= 4K 104=10,000

⑦ 1098 log 2
'

←from
rule

to
=

to = 31,91€ =3

D0N'T£"



L0G EQUATIONS
example 109244+109 > y = 10 example

42×-8=70 ✗
convert to

4109,4+10924=10 log form
510924=10 109470=2×-8
10924 = 2 109470+8=21
[ 22=4 ✗ =

109470+8

i. 4=4
2

or can do indicia / form :
= 4+1109470

22 = y .

'

. 4=4
example : ( exact values )

example ( solve for n ) 55 " = 32×+3

109 , / ✓2×31+1=4-5 take logs of both sides

1092 IF2E ) = 3.5 log 55
"
= log 32×+3

convert to indicia : use log laws (3rd law )
expand23.5 = 2×3 5×1095=12×+311093 ✓ brackets

272 = (2×3)
"?

= 2×1093+31093
square both sides : 5×1095-2×1093=31093
( 2%12=(12×3) "' )

" t
group x 's on one side

2
'

= 2×3 ✗ (51095-21093)=31093
ZY2 = ×

} [ factor out the ×
this is26 = ✗

3

31093 ← the exact
✗ b)
"'

= (✗ 3)
"3

✗ =

51095 -21093 value

Tcnbe root

22 = × example :( 5
")
'

-1215 ") -24=0
1=4 let 4=5

"
, y
'

-124-24=0 (quadratic )
( y - 4) 14+61=0

example : y=4 or
y= -6

10941×+31+10941×-31=2 finding × : 5"=4 or 5 "= -6

1094 [1×+311×-31] log → indicia/ form 1095
"
-

-1094 or 1095 "= 1091-6)
1×-1311×-31=16 42=16 ✗ 1095=1094 Ican 't have

log of a✗2-9=16
✗ = 1094 negative no .

✗ 2=25 1095

✗ = -15

I
cannot have negative

i. 1=5

example :

17 ")
'

-417 ") :O let y

7×(7×-4)=0 = ?"

7
"
=O or 7" __ 4

no solution 7"=4

✗ = 1094

1097

or ✗ = 109,4



NATURAL LOGS

fogey : Linx ]
I

base '
e
'
l means log base e

follow all log laws + properties

GRAPHS OF LOG FUNCTIONS

y=logaX Y note : the base doesn't matter

J >

✗ > 0
x.int ""

"

ÉÉaY=x "
I ' Ii intercept

go =\ ✓ =/ ' ' 0) 2 . When y :L ,
✗ = ?

I =x 3. asymptote
or 10gal =O

when x=a
, y:L ← passes through this point

using logan
'
=L

vertical asymptotic>c=H
they axis as the function
is undefined at this point

TRANSFORMATIONS
of the base graph example :

y
l -

' (¥1
y -_ 10gal>c- c) = horizontal translation i

y-_ 1091×-2 )
,'x=Énegative -_ moves right
V

positive = moves left (vertical
i asymptote

y

D= togas + D= vertical translation 1-

'
,✗ - int when 4=0 4=109×+1 year I0=109,0×+1 X When 4=1 ✓

-1=10910 )c 1091011=91
10
- '
= K because
Y10 = × ✗ = G. I 10g , , 100=0

[ ✗ =O
vertical
asymptote

y : 10gal>c- c) + D= combination n

'

.

x - int ,y=o
1-

i.> ,0=109/1 - 2) + I y=1og(x- 2)+1
' (2-1.0)

- 1=1091×-2) II. , I
← change *

vertical10
- '
= x - 2

to
when D= I. ✗ = ? '

.asymptotes= 2+0.1 indicia / 1=1091×-21+1 .

= 2. I 1=109 (3-2)+1
imakes --0

1 since log 1=0
find the
value ofx that makes this

=o



CALCULUS OF LOG FUNCTION
can only differentiate natural logs y=lnx

ty=W9e "
eY=x

dx Y)ñy=e
.

'

. d¥ = ⇐
i. £i=÷

example : ify-lnzx.de?-=??example:ify--ln(E-)example:ify--enx
'

E- 0 tproaucty-lnx-l.nl y :[ enx

y=ln2+lnx y=enx - o y
'

-_ 2 (E)
y' = y' = ÷ =¥

example : if y=ln /sink)
let vi. sink shortcut : if y=en[flat ]

dyd¥=cosx i. by the chain = fix , ' f'IN
rule :

y=enu 11, --11×11,
daft :& =L . cosx

= sit - cosy

=

example :y=lh(2cos2x) example : if y=ln(✗ 2. sinx )
dY '

. - 4sinzx day, =

2xsinx -1×401×4 product rule
AT

=

2cos2x ✗ 2. sink

=

- 4sin2K
or

21012K
y=fnx ' + In /Sinn)
=2enx+ln(sink)

example :y=en(
""4) y' = ⇐ +

cosx
✗ -13 sink

y=lnH2 -4 ) - In /x -13)
=lh(✗ +211×-2) - ln(✗+3)
=ln(✗ + 2) + Ink-2) - IH1X -3)
=

I 1

✗+2
' I +

x

"

- z

- l -
✗ +3

' I

1 I
=

✗ + z
+ I -2 -

K -13

example : 4=109,1
.

'

. 29 :X
In / 2 ")=enx

yln2=fnY
Y =

en ,
- Ink

y : ÷

①constant



INTEGRATION WITH THE LOG FUNCTION
if y=lnx fxndx
y
'
= ✓

x
- '
- cannot
work as nt -1

then I dx = ×n" + i n -1--1

= Ink -1C

if y=enHxd example :/ Éd×
↳ find dYldx of this

y
'
:

41; 1
i. It;÷, i

take 4
out

= Inflict / + I i. 4th /x - 1) + c

example : 'fÉ ,
dx

example : :[
13" - "

② oftthis 2 3×2-4×+5
d"

= 2K
↳ f- 1=6×-4

= Éfn(✗2+1 ) -1C = ten (3×2-4×+5) -1C

example :/
2×-3

✗2-3×+4 example : I DX

f. f-
' of this I ↳ f- 1=1

=fn(✗ 2-3×+4) -1C
=" -3

✗ +1 ×
cannot work yet

Ty
ignore this tremaine ,

> now / I -¥ dx

= ✗ - In (✗+ 1) + C

=/ + remainder
= , -÷,

sink
example:| I - cosx

d"

↳ f' = sink
= full - cos >c) + c

DEFINITE INTEGRALS
example :& /

" 1×5
example : f

'
3×2-4"

5×-2
d)(

I ✗ 3-2×2+5
↳ 1-1=3×2-4k

=É¢n(5×-2)/ I
↳ t" '

=/enlx } -2×2+5)) ?
=/ent - ent)

=ÉHnl8 - en}} = In#I
=÷en¥
:& enb



CRV 's

histogram
- column graph without spaces

discrete data
•

•
•

⑧

1-11-11-1

same width
- counted

- measured e.g. height , time, weight etc.

consider 17 different weights (to nearest kg )
74

, 88,75 , 82 , 60,75 , 85,65 , 90 , 69,75 , 70,71 , 65188,72 , 67

GRAPHED FREQUENCY TABLE a) PlM< 80)
mass (M) f relative f midpoints]#imate 3/1>+4/17+4117+417

60ft < 65 I
'117 62.5 =

'417

65sec 70 4 4/17 67.5 b) PC7-5EM < 90 )

70ft ( 75 4 4/17 72.5 = 3/17 + '117+3/17

7511<80 3 3/17 77.5 = 7/17

c) P17-5EM < go / M< go ) =

P(751 MC8H
8OE )c< 85 I ' 117 82-5

p(M< 801
85£ KC90 3 3117 87.5 3/17

904kt 95 I
' 117 92 -5 3/17+4/17 -14/17+1/17

total :/ 7 2=1
=

3/17
= 3-12 = ÷

,✓
12/17

I

might only be d) PIM - 801=0

given these > columns Tmust be an interval

PROBABILITY DENSITY FUNCTION (PDF)
^f(✗ I

-
y=f(x )

f- (x )= AEXEB

DRV CRV

a c d b
> "

ou

d M /Mean ) IX. PIX).gg/x.PlxldxPlcfkEd)=efflxIdx
a

probability = area under the curve 82 /variance)E(x -Mi - plxl.gg/1x-Ml'.Plxldx
b

also
a
/ f- (a) d×= ,

→
sum of
prob -

- I

flx ) 70 for AEKEB

now P( ✗ = e) = efeflx/ DX :O



UNIFORM DISTRIBUTION RECTANGULAR DISTRIBUTION

b÷a - - - . .
Y6 - • • • • • •

'

a
"

b"

rolling a dice
"

Pdf : P( x) :{a ,

as ✗Eb

example : a uniform ( Rv over the
0 otherwise

interval ZEXE 10
4- ;

a) PIKE 5) :¥-2
; s Io

a. K.az→ 5

T↳ ✗ 3 = 3/8

example :( RV below , determine K if PH7X 1×733=0-5

b) PC3E ✗ E 8)

↳ ✗ 5 = 5/8
44 - PIKEXE 5)

= y,

I / (P1K 73 )c) P(✗ = 5)
= ,

I { K É
> ¥15 - K )

= 4¢
d) P(✗ = b- I3E 3CE 8) K lies between 3-74 # ✗ ✗

: PC3E 7CE 5) 5- K = I

5/8 .

'

. k= 4

= & ☒ 2

⇒
= %

NON UNIFORM DISTRIBUTIONS
example :X in a CRV w/ Pdf

f- (1) = } Of KE5 d) PIKE } )

=£sf%dx
a) Sketch f

y :É - I (d) I
= [271 = ¥5

÷.____: e) p(✗ 71 / KE3 )
26/125

= 2¥27/125

✗ ECX)

b) verify it is a pdf f) determine M&s
'

f- 1×1>-0 ✓
area under µ : ECX)=¥ , /

'
✗ ' DX

¥
,
/ 5×2 = É, ¥ /✗ 3) [ ✓ the curve

=L = £5.41k " ] !
= ,tÉ = 1 ✓

=¥÷i
c) PL1E 7CE 3)

= 3×4 = E-
¥

,

I
>

×
'

dx 5

52=0 / (x - E)
'

✗ ( ¥5 )dx
= É - É IN ] ? use calculator :

'5/16
= 1271-11-1
= ¥5



example : Pdf f- (a) is defined for OExEk and is sketched below

1- a) determine K d) determine m such that P(✗ Em) = 314
'

,
I

'

,
I +1k - 1) =L :& + (m-1) (1)

y, 11k -11×1 I K - I = I 1 area of m
I 1 ! k=I rectangle
1 M K

b) define pdf =3 -11m-11=3-4
1- (K- l I 1-

f- (x)= { X , OEXEI = IT - I = M - I
1,11K£ ?

= ME tq -11
c) PIKE 1)

↳ area
= M= 5/4

= {

example : flx ) = { KX
}

,
OEXE 4

0 otherwise

a) determine K b) PIKE } / K71 ) c) P(xEm ) : 4. determine M

K
,
/
"

✗
'
DX = I =

PIIE )cE3 )

PK71 ) g)
"

DX = &
i. ¥, -1×419=1

=
# fix }dx solve on classpad

¥ -4*3--1 ¥, I ,"x3dx
641<=1

.

'

. k= £4 = IT -1×41 ?

I -1×9 !
: 81 - I

256 - I

=
I pos

. prob '

255 µ. area --1

example : the life A) in yrs of an electronic component as Pdf flat -- a - IK - it
,

OE KE2

a) determine
'

a
'

b) sketch f
solve :/ a - Else -1511=1 fix)=I - Ih - it

'

c) determine the median

a- % nflx,
= middle . :L (symmetrical

graph )% - - - . . .
.

m

I

,
/ fWdX =3 ← solve this

46

I 1 > ✗
I 2

d) calculate the mean $ sd for ✗
Faith

ECX )=µ=
,
/
'

✗ (3-31×-1) ' / dx

solve on class pad =L

82=0/21×-1 ) ' / I - It>c- 1) ' / dx
=

' ' 145

5. d. = FF15



LINEAR TRANSFORMATIONS (CRV)

consider a random continuous variable ✗ with Pdf (1-1×1) for as ✗ Eb

if the random variable 1- = MX + n

m + n = constants

then E1T) = ME1X) -1h

and vari) = me vary, } same as DRV 's

example :

if a random variable ✗ has

p.d.lt/xt--% ,

OEXEG

determine µ -18 Is -d.) for ✗ ,
hence calculate the mean + sd . for T if -1=2×+5

✓exact value

µ = ¥1594 ) to =
"83¥ (2.357 3d- p)

of
"

¥ ' X

ECT) = 15
] """ "

s -D1T ) = 4.714]
2×54+5 2×2.537



CUMULATIVE FUNCTION
on call

DRV 's ✗ 0 I 2 recall ✗ 0 I 2 PD : ✗ =

p(✗=\ ) 0-10-30.6 P(✗Ex ) o - I 0-4 I CD : XE

-
PCX)

CRV 's
✓ p(✗ { k) =

a
/
"

PIXIDK

a K b
f- II)

- - - - -7
, E. ( when k=545

example : pay :{ ¥ "KE5 ,

0 otherwise I
j > x

a) determine the cDf(1=1×5
"""

Fix)=ÉfÉd, piece - wise

o
0 ✗ < 0FCX ) = { 1-5×2 OEKE 5

= ,÷ .

I × > 5

=
- I /✗ Yo

"

t since it is cumulative

= ×
?

b) P(✗ E3 ) c) PL2E KE3)
sub ✗ =3 into "

'

= f-(3) - F(2)

f-(3) = £5132) = 9/25-4/25

= 9/25 : 5/25
=
'15



NORMAL DISTRIBUTION

Pdf :

the / = g.
e-It"j")

- + makes it symmetrical
area adds to 1)µ , ,

- to < I < 00
, g. 5- It 0.5 I

T'
2 score

scaling
(
cannot be

P01
✓
bell shaped

factor are as cannot
(makes area

of io

=L )
= °

I 1

,

I 1

It ✗ is a normal variable with mean µ and s.d.co
T M - S Mts

doesn'tthen ✗- NIM ,
S
'
) touch the
T variance x-axis µ

if µ :O and 5=1
,
then ✗ is a standard normal variable i. e. Z~NIO.tl

example : if 2~NIO.lt determine

a) b)

finding area to the left :

on call :
lower -0

NOVMCD upper 1-96
8=1 -1.5 -0.50 1.96 M=l lower upper

= 0-975 = 0-242

STANDARD (2) SCORES)

z=[
✗ - M example : µ g

test 1 65-381. 63.37 12.1412 , : g. 15>✓
how many Sd- above the mean

5 bigger -_ higher z
raw score

test 2 68 -42% 66.19 13.13 22=0.1698- score -_ further from µ

example : if ✗ is normal , ✗ ~N /100,25 ) example : if ✗~N 1120.20
' )

calculate PIXEIOI ) I alt. method a) determine K if PIXEK) :O-75 area
/ is backcalc : = 0.5793 I p=(z< 10¥00 ) on calc : inverse distribution (left)

upper lot
lower -oo t p :(ZE0 - 2)
5=5 - since 52=25

I can :
tail setting : left

µ ,
;

M __ 100
, g.d. =\ ) 1<=133.5

I M=0 b) P( 120 - K < ✗ < 120+1<1--0-9
, upper -_ 0.2 prob __ 0-9
I = 0.5793

5=20 120-1<=87-102 1<=32.9
or

M
--120 120 -1k -_ upper

example : If ✗~N(µ , 16 ) , determine µ c) PH15 '- ✗ EK)=O-5

if PIX 7201=0.01 Z= " PIXEK ) - P(✗Ells ) :O

""

PIXEK)= 0.5+1>1×-115) Its k

i. e. plzz 20-4
"

) = 0.01
tower -0 T

inverse :
upper 115 = 0.40129
820-2
µ= 120 prob: -90129

8=20
inverse

, right (7) µ= to .gg
PIXEK)= 0.90129 µ --120

.

'

. 20¥ = 2.3263
: 1<=145.8

501. = pass



18 is the quantile such that 401. of the distribution is below this value
"

,

i. e. we say 18 is the 0.4 quantile

is

20



SAMPLING + PROPORTIONS

population
population - all measurements being studied

sample - subset of the population ②
sample

TYPES OF SAMPLING
consider a population of students - survey of the ways students get to school

population 11200)

f - could survey all students ( too large)

-
sample ( 1001

can be

random or not random

- simple random sampling VOLUNTARY SAMPLE

(e.g . assign a no . to - go on website

students $ random (bias )

number generator )
(could be biased ) CONVENIENCE SAMPLE

- stratified sample -

survey first 100 students

( e.g . put into groups who arrive at school (bias )

YR7
, YR8 etc. )

I could also be biased )
- cluster groups
(e.g. students in class)

BIAS to remove bias
, the sample needs to be as random as possible

UNDER COVERAGE

- occurs when members of the population are inadequately represented
e.g. London 119361 pulled names from the phone book - bias - since poor people had no phone

NON - RESPONSE BIAS

- when people chosen are unwilling or unable to participate
e. g- mail surveys - sent out but not necessarily returned

OTHERS



PROPORTIONS ✗
1- trial

M&Ms define Bernoulli RV

proportion of blue MIMS y={ I ,
blue My =p :O-6

p= 0.6 0
,
not blue toy : ✓P11 - p)

1 population parameter = ✓ 0.611 - v6)

population ( p) now ✗ = -210 independent trials of y
←sample proportion -_ to (f) I now binomial

f. = #← successful µ , = np = 10×0.6

8× = ✓ np( I - p ) = 10×0.611-0.61
=¥

do ae. g. ¥ = 0-3 . .
.

/ bunch of¥ = 07 .
.

. trials

will tend towards

a normal for more

samples

DISTRIBUTION OF THE SAMPLE PROPORTION

My = Mx

n
= I =p Gp = 1- =

MP11 ' - P '
=
npll - p ) =

P11 - p)

n n
2

p

mean of same proportion -_ proportion itself

how good is the normal fit for a distribution of a sample proportion
rule of thumb:

n°-30

it up 710 $ nll - p ) > to reduce error by Tsum pie size
= reasonably good fit

situation : election

candidate A vs candidate B

what is the likelihood of A winning the election ?

①0,000 Population
sampling - distribution of the sample proportions for

n= 100

say ^p=o -54 100 ✗ normal
-2 2 high

A- 300

say p^=o-58
case 1 : P10-5YY

210W

what is the probability that Ñ= v54 is 1
within 28ps of p? g.54 ,

Is .cl P1S'd 0.54 ?

I 951 of the area is within 28 of the mean is .cl 2s .cl

there is a 951. probability that the population
proportion ( pt is within ?8p

,
of p^ > new statistic :

standard error p^= till - Ñ '

if we know that this value is
,
then we T

"

biased (Sb)
would be able to calculate a confidence estimator =

0-5411-0.541

180
✗ 0.05

integral
we don't know p but we can use Ñ cont . next pg



95% confidence integral every time new p^
0.54-2×005 and 0.54+2×0.05 = new confidence integral

0.44 0.64 sometimes p will fall into it , sometimes it won't


